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Abstract

Two ¯eld theoretic descriptions for fractional quantum Hall states
are presented and compared. First we review the role of the Chern-
Simons gauge¯eld in these theories. Then we derive the bulk low
energy e®ective actions and study electromagnetic response. From
the bulk actionswederivean e®ectivedescription of the edgeof such
systemsand calculate tunneling characteristics. Finally we compare
the theorieswith regardsto, amongothers, internal consistencyand
predictive power.
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Chapter 1

General In tro duction

Since its discovery the quantum Hall e®ect has been an intensively studied
subject. For the integer fractions this has resulted in consensuswithin the
solid-state communit y to what is the best theory to describe the e®ect.For the
fractional quantum Hall states things are not so clear. Until today there is an
ongoing discussionon how to set up a quantum ¯eld theory that describes the
fractional quantum Hall states. There is someconsensuson what the approxi-
mate form of the low energye®ective action is. All authors agreeit will have a
Chern-Simonsform, but there is somedebateon the preciseform. In particular
they disagreeon the number of Chern-Simonsgauge¯elds one needsto intro-
duce. Thesedi®erencesbecomeapparently clear when one studies the edgeof
such states. Wen [28] was the ¯rst to recognizethat the e®ective theory of the
edgeof a quantum Hall sample is a realization of the 1D electron state known
as the Luttinger liquid. The e®ective action for the edgecan be derived from
the bulk action for the corresponding bulk state. The edgestates have some
fascinating properties, which can be studied by experiments in the laboratory.

In the ¯rst chapter of this thesis we will intro duce somegeneral concepts
neededto understand the quantum Hall e®ectand the problem we are dealing
with. Then we will study somefeaturesof the Chern-Simonsterm and seewhat
it hasto do with °ux attachment (chapter 3) and quasiparticles. In chapters 4,
5 and 7 we will study two theories that attempt to describe fractional quantum
Hall states. As stated, the edgelends itself very well for a comparison of the
two theories. That is why in chapter 6 we study the edgeof a Chern-Simons
theory. Then we will go on and comparethe two theoriesand try to draw some
conclusionsin chapter 8.

My own contributions include ¯lling in someminor calculations not found in
the literature (by me that is) and of coursethe conclusionsdrawn in chapter 8.

One subject in quantum Hall physics that in this thesis does not get the
attention it probably deservesis that of impurities. We motivate this by saying
we only study quantum Hall states as opposed to the entire quantum Hall
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8 CHAPTER 1. GENERAL INTR ODUCTION

e®ect. We mean by this, that we do not include impurities and hencedo not
want to explain the plateaus and such. Also we want to mention the two
theories under study are not the only theories around. Two other theories that
deserve mentioning are one by Shankar and Murth y [26, 15, 14], and a theory
by Pruisken and ·Skori¶c [8], that focuseson impurities and has the promise to
be also valid in the regionsbetweenquantum Hall states.
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1.1 De¯nitions

In this thesis we try to use the following de¯nitions consequently . As you all
know minus signsand factors 2 can really spoil your day.

² Where no summation symbol is explicitly stated, summation over re-
peated indices is implied.

² metric: ´ = diag(1; ¡ 1; ¡ 1)

² Greek indices are space-timeindices

² Small Roman indices denote spacecomponents

² We will useunits where c = ~ = e = 1.

In this thesis I often say 'Lagrangian' when I actually mean 'Lagrangian den-
sity', this is also very common in the literature so I hope you will forgive me.
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Chapter 2

In tro ducing the quan tum Hall
e®ect

I will not give you a historical review of the quantum Hall e®ect,becausethis
has already been done by numerous authors. We will not even do a complete
review of the quantum Hall e®ect. In this chapter we will only highlight the
key featuresof the quantum Hall e®ectand intro duce someconceptsneededin
the rest of the thesis. For a real thorough review I refer you to somebooks that
exist on the subject [12, 23].

2.1 Exp erimen ts

The standard experimental setup for the quantum Hall e®ect is a bar (see
¯gure 2.1) of a specially prepared semiconductor. It consistsof two layers of
di®erent material with the property that electronsare attracted to the interface
of the two layers. And the bar is cold, typically 100mK . If onecools the sample
down to low enough temperatures, the degreesof freedom perpendicular to
the interface are frozen out, leaving a e®ectively two-dimensionalsystem. The
secondmain ingredient is a strong magnetic ¯eld perpendicular to the plane the
electronscan move in. It is energetically favorable for the spin of an electron to
align with an external magnetic ¯eld. For a strong enoughmagnetic ¯eld this
leavesthe system in a spin polarized state.

We can now start probing the sample, we apply a voltage. The typical
quantities that are measured,are the voltage applied, VL , (L for longitudinal),
the voltage in the perpendicular direction, VH , (H for Hall) and the current
that °ows through the sample. From this data one can calculate longitudinal
and Hall resistances,RL and RH respectively. So far nothing stunning, but if
onevaries ne

B , that is electron density divided by the magnitude of the magnetic
¯eld, one¯nds for the resistancesa picture as in ¯gure 2.2. As a function of the
fraction º = neh

eB (or ne
B ) in our units, we seestepsin RH and not a straight line

11
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Figure 2.1: Experimental setup

as we would have guessedfor a classicalelectron gas. The middle of a plateau
is situated at integer valuesof º . In units of h

e2 theseplateaus occur at 1
integ er

values for RH . For su±ciently low temperatures the plateaus are extremely
°at, so °at that it allows us to measurethe ¯ne structure constant (® = ¹ 0ce2

2h ,
¹ 0 and c are de¯ned), with very high precision. At positions where RH is °at,
the longitudinal resistanceis extremely low, upper boundsof 10¡ 10­ have been
determined. A remarkable feature of the e®ectis that resistancesfound in the
quantum Hall e®ectare independent on details of the sample,such asgeometry
and composition. This is contrary to what is the casewith normal condensed
matter systems.

This e®ectis for obvious reasonscalled the integer quantum Hall e®ect.For
better sample qualities, a similar e®ectis found at fractional values of º . For
thesevalues the plateaus are generally lesspronounced. Thesestates can best
be found by looking at the dips in the longitudinal resistance.

In past yearsexperimental physicists have studied all kinds of variations of
the quantum Hall e®ect, systems with 2 or more layers, systems where spin
is not totally polarized, to name a few. Theoretical physicists have also been
busy, imagining more exotic quantum Hall states like non-Abelian and paired
states. We will not go into thesematters, but stick to the simplest casewhich
can be complicated enough.

2.2 Classical Hall e®ect

The classicalHall e®ecthas a very straightforward origin. When a conductor,
which is carrying a current, is placed in a perpendicular magnetic ¯eld the
charged particles in it will feel a Lorentz force. The particles carrying the
current will get displacedto the sideof the sampleuntil the potential di®erence,
that is causedby this displacement, balancesthe Lorentz force. This e®ect,
the appearanceof a voltage perpendicular to the applied current is called the
classicalHall e®ect.
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Figure 2.2: RH and RL as a function of º . Graph tak en from [12].

Let us now look at a slightly better model, still in a classicalsetting. If we
are talking about electronsthis takesthe following form,

FFF = ¡ EEE ¡ vvv ^ BBB : (2.1)

The electronsthus feel a force perpendicular to the current. For a samplewith
conductivit y ¾0 this inducesa current,

JJJ = ¾0 (EEE + JJJ ^ BBB ) : (2.2)

Classical conductivit y theory then gives us conductivit y as a function of the
mean free time betweenscattering events,

¾0 =
ne¿0

m
: (2.3)

If we substitute this in (2.2) and solve that equation for J , we ¯nd the following
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equation,

JJJ = ¾¾¾EEE (2.4)

¾¾¾=
ne

B

Ã
¿

1+ ¿2
¿2

1+ ¿2

¡ ¿2

1+ ¿2
¿

1+ ¿2

!

(2.5)

wherewe de¯ned the dimensionless¿ = ¿o! c, with help of ! c = B
m , which is the

cyclotron frequency. If for somereasonthe time betweentwo scattering events
gets very large, we may send ¿ to in¯nit y and yield an o®-diagonalform for
the conductivit y tensor. This is the form we seein the quantum Hall e®ect;a
current perpendicular to the applied electric ¯eld.

2.2.1 Uniform states

We can already understand someaspects of the quantum Hall e®ectby some
very generalconsiderations. Let us assumewe have a uniform state of electrons
moving in a plane under the in°uence of an uniform magnetic ¯eld and an
electric ¯eld, EEE, directed in the plan. To seewhat current this yields we boost
to a frame of referencewith velocity,

vvv =
1

B 2EEE ^ BBB : (2.6)

In this frame the electric ¯eld vanishes, hence we have no currents. Going
back to laboratory frame we have now found our relation betweencurrent and
electric ¯eld. We usejjj = ¡ nevvv and yield,

µ
j x

j y

¶
=

ne

B

µ
0 1

¡ 1 0

¶µ
Ex

Ey

¶
: (2.7)

This equation hasalready the right form for the quantum Hall e®ect,but we are
no quite there. We don't seeany plateaus and why the e®ecthappensat only
certain valuesof º is unclear. We know this argument can not be valid for the
true quantum Hall system, becausesuch a system will always have impurities,
which break the translational invariancethis argument crucially dependson. A
conclusionwe might draw from theseconsiderations,is that at stateswhere the
e®ecthappensthe electronsare in somesort of uniform state.

2.3 In teger quan tum Hall e®ect

To better understand the quantum Hall e®ect,we need to take in to account
the fact that the world is quantum. Hencewe write down a Hamiltonian for a
system of electrons in 2 + 1 dimensionsliving in a magnetic ¯eld,

H =
X

i

1
2m

¡
pppi ¡ AAA(xxx i )

¢2 (2.8)
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and try to solve SchrÄodinger's equation. As you probably have noticed, we
neglectedinteractions betweenelectrons. As you will seethis approach will be
fruitful for a classof quantum Hall e®ects,namely the integer quantum Hall
e®ects,but we have thrown away to much to understand the Hall e®ect for
fractional ¯lling.

While the particles are non-interacting, the operators pppi en xxx i commute
for di®erent i , hence we can assumethat the wave function is a product of
single particle wave functions. The assumption of non-interacting electrons
thus reduces the problem to a one particle problem. We will now drop the
particle label, i , from the operators for clarit y. The magnetic ¯eld is pointed
perpendicular to the plane. A gauge ¯eld con¯guration consistent with this
condition is, (0; ¡ B x; 0). Inserting this in the one particle Hamiltonian yields,

H =
1

2m

³
p2

x +
¡
py ¡ B x

¢2
´

: (2.9)

The operator py commutes with this Hamiltonian, sowe immediately know the
wave function is of the form,

Á(x; y) = eik yv(x): (2.10)

By plugging this ansatz in the SchrÄodinger equation, we ¯nd an equation for
v(x).

1
2m

³
p2

x +
¡
k ¡ B x

¢2
´

v(x) = Ev(x): (2.11)

This equation is simply the SchrÄodinger equation for a harmonic oscillator with
its potential shifted by x0 ´ k

B . We can write our Hamiltonian in terms of
creation and annihilation operators, which we de¯ne in the usual fashion,

H = ! c
¡
AyA +

1
2

¢
; (2.12)

A (y) =

r
1
2

(x ¡ x0) § i

r
1
2

px ; (2.13)

and de¯ne the ground state as the state annihilated by A. In the equation for
the Hamiltonian appears, ! c, which is the cyclotron energy. Furthermore we
found it convenient to make x dimensionlessby absorbing a factor

p
B or in

conventional units
q

B
e~ . This (inverse) length scale is know as the magnetic

length. From the requirement that the ground state is annihilated by A, we
¯nd a di®erential equation which we can solve to yield the ground state wave
function. Properly normalized it reads,

Á00(x) =
µ

B
¼

¶ 1
4

e¡ 1
2 (x¡ x0 )2

eik y : (2.14)

Higher states are then created by applying 1
n! (A

y)n on this state. It is easyto
seethis operation yields a polynomial (Pn ) in front of the exponential. If we
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multiply this new state with e+ 1
2 (x¡ x0 )2

from the left (and drop someconstants)
we yield a generating equation for this polynomial.

Pn (x) = e
1
2 x2

(Ay)ne¡ 1
2 x2

= e
1
2 x2

(x ¡ @x )ne¡ 1
2 x2

: (2.15)

This equation is preciselythe generatingequation for the Hermite polynomials.
The properly normalized wave functions then read,

Ámk (x) =

Ã p
B

2m m!
p

¼

! 1
2

Hm (x ¡ x0)e¡ 1
2 (x¡ x0 )2

eik y : (2.16)

The energyof such states are easily determined,

H Ámk = ! c(m +
1
2

)Ámk ; m 2
�

: (2.17)

Note that for each state we can still choosek freely, hencewe have degenerate
energy levels. If we assumeour space is ¯nite, for de¯niteness we choose a
rectangle of dimensionsL x £ L y , the number of states in a level is ¯nite and
can be calculated. First of all the eigenvalues of py are quantized, k = 2¼

L y
n.

For the center of the wave functions (x0) (2.16) to lay on the disk, we have to
impose0 < x0 < L x . This constrains n to the domain 0 < n < L x L y

B =2¼. Hence

the maximum number of states in a Landau level is L x L y
B =2¼.

We have now solved the one-particle problem, we know all states and their
quantum numbers. Let us now go back to the original many-body problem.
We already concluded that the wave function is the product of one-particle
wave functions, but one more essential ingredient is neededto write down the
total wave function. This ingredient is the fact that electrons are fermions.
Fermions obey the Pauli-principle, that meansthat their wave function has to
be anti-symmetric. Now we can write down the total wave function, which is
the product of one-particle wave functions, but anti-symmetrized in the particle
coordinates.

2.3.1 Impurities

We have a wave function, that is ¯ne, but where is the quantum Hall e®ect?
The clue to understand the quantum Hall e®ectis the ¯nite number of states
in a Landau level and the fact that a quantum Hall sample is never perfect; it
has impurities.

In the previous section we argued that the many-body wave function is a
total anti-symmetrized function of the one-particlestates. This obviously means
that we need as many one-particle states as we have particles in our system.
So we can only accommodate a ¯nite number of particles in a Landau Level.
It is now useful to de¯ne a quantit y that measuresthe number of ¯lled landau
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levels, the ¯lling fraction. Henceit is de¯ned as the number of electronsin the
sampledivided by the number of states in a Landau level,

º =
2¼ne

B
: (2.18)

If we start ¯lling the integer quantum Hall system with electrons, we can ac-
commodate all electrons for 'free', since all states in a Landau level have the
sameenergy. When a Landau level is completely ¯lled, in other words the ¯lling
fraction becomesan integer, we have a new situation. The ¯rst state available
has considerablehigher energy, this meansthat the Fermi energy lays in a big
gap. In this situation scattering becomesimpossibleand we are allowed to send
¿ to in¯nit y in (2.5).

It seemsthat wenow havecaptured someof the featuresof the quantum Hall
e®ect,but it is not yet complete. First of all the arguments in last paragraph
hinge on a single electron. If we add one more electron the Fermi level does
not lay in a gap anymore and our arguments are no longer valid. We should
thus only seethe o®-diagonalconductancewhen we have the system tuned up
to one electron. In a system of approximately 1020 electrons that is of course
an absurd assumption. A secondthing is that we have no explanation for the
plateaus yet. These both things are very close related. To understand these
matters we have to include impurities into our model. A real condensedmatter
system always has dislocations, foreign atoms and such. These imperfections
can be modeled by adding a disorder potential to the Hamiltonian.

The e®ectof adding theseimpurities to the landau level system is that the
nature of the states gets changed, but their number stays the same. We will
not show this here, becausethese are actually complicated matters. We will
only use the well known results. After adding the impurities, we can divide
the states in two groups; localized and extended states. Localized states are
basically electronsthat are bound to an impurit y. Their energy is shifted from
the value found from the 'clean' Hamiltonian. These states are localized in
spaceand do not contribute to a current °owing through the system. The
secondclassof states are the extended states. These states are like the states
we found in the previous system. They extend all over the sampleand support
a net current. Becausethey stay clear of impurities, their energy is practically
unshifted from the value found for the clean system.

We now have a di®erent density of states. It is changed from peaks with
in¯nitesimal width at the Landau energiesto a smooth peak (see¯gure 2.3.1).
In the middle of the peak we ¯nd the extended states, their energy was least
e®ectedby the impurities, around them we ¯nd the the localized states. The
arguments above are changed by these new states. Let us reexamine these
arguments, starting with a systemwith integer ¯lling fraction. The Fermi level
is again half way two landau energies.If we now changethe occupation number
we change only the occupation number of localized states. Since these states
do not contribute to the current, the conductivit y stays the same. The Fermi
level now doesnot lay in a energygap, aswas the casein the arguments above,
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Figure 2.3: Density of states for a samplewith and without impurities.

but we have a similar e®ect. For this reasonthe Fermi level is said to lay in a
mobility gap. Only when we the number of occupied extended states changes,
the Hall conductancecan increase.This happenswhen the Fermi energycrosses
a Landau energy. Hencewe seeat half-integer ¯lling fraction a suddenjump in
the Hall conductance;we take a step to the next plateau.

With the results obtained from our quantum mechanical model and these
considerationsinvolving impurities we can now sketch ¯gure 2.2. It seemsthat
we have a prett y good idea of what is going on in the integer quantum Hall
e®ect.

2.3.2 Field theory for non-in teracting electrons

It may seema little overdone to construct a ¯eld theory for non-interacting
electrons. We already understood the quantum Hall e®ectquite well in terms
of ordinary many-body quantum mechanics,but it can be instructiv e and, more
importantly , we needa few results later on.

As stated above we can understand the integer quantum Hall e®ectin terms
of non-relativistic, spin polarized and non-interacting electronsin a background
magnetic ¯eld. This de¯nes our Lagrangian as,

L = iÃ yDoÃ ¡
1

2m

¡
D i Ã

¢yD i Ã; (2.19)

D ¹ = @¹ + ie A ¹ : (2.20)

In these equations Ã is a complex fermion ¯eld and A ¹ is the background
electromagnetic¯eld, which is thus non-dynamical. We choosethe samegauge
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as in the previous section, in particular A0 = 0. We can ¯nd the canonical
conjugate to the ¯eld Ã and with that result the Hamiltonian belonging to this
problem,

±L
±@0Ã

= iÃ y; (2.21)

H =
Z

d2x
±L

±@0Ã
Ã ¡ L =

1
2m

¡
D i Ã

¢yD i Ã: (2.22)

We now want to ¯nd the complete set of eigenfunctions of this Hamiltonian,
which we know exists, sincethis is a Hermitian operator. Of coursethis resem-
bles the Hamiltonian studied in section 2.3 a lot and we are ¯nished quickly.
The functions we seekare the landau wave functions (2.16). With this we can
expand the ¯eld Ã in this complete set,

Ã(xxx) =
Z

dk
X

m

Ámk (xxx)amk : (2.23)

Although we assumea ¯nite sample size, which means that the momentum
quantum number forms a discrete set, we assumethat the sizeis big enoughto
approximate the sum by a integral.

We can now quantize our theory by turning our ¯elds into operators in a
Hilb ert spaceand requiring equal time anti-commutation relations between Ã
and iÃ y,

©
Ã(xxx); Ãy(yyy)

ª
= ±(xxx ¡ yyy); (2.24a)

©
Ã(xxx); Ã(yyy)

ª
=

©
Ãy(xxx); Ãy(yyy)

ª
= 0 (2.24b)

This relation has consequencesfor the amk we de¯ned in (2.23). These coe±-
cients are now also operators and to be consistent with the anti-commutation
relation betweenÃ and Ãy, they have to satisfy the following relations,

©
amk ; ay

m0k0

ª
= ±mm 0±kk0; (2.25a)

©
amk ; am0k0

ª
=

©
ay

mk ; ay
m0k0

ª
= 0: (2.25b)

As is usual with fermions, we can interpret theseequationssuch, that for each
element in f kmg we have a state we can create with ay

mk and annihilate with
amk . The state that is annihilated by all a's is j 0 i , the ground state.

If we substitute the expressionfor Ã in terms of a in the Hamiltonian (2.22)
and use the anti-commutation relation we ¯nd a particularly simple form for
the Hamiltonian in terms of the operators a,

H =
Z

dk
X

m

! n ay
mk amk ; (2.26)

Where ! n is the energy eigenvalue of the landau wave function. Time evo-
lution of the operator amk is found by evaluating the commutator with the
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Hamiltonian,

@0amk = i
£
H ; amk

¤
= i

X

m

! m
£
ay

mk amk ; amk

¤

= ay
mk

©
amk ; amk

ª
¡

©
ay

mk ; amk

ª
amk = ¡ i! m amk :

(2.27)

For ay we ¯nd + i! m ay
mk . The spectrum of excitations is consistent with the

previous section. It consistsof seriesof stateswith the sameenergy, the landau
levels.

From equation (2.27) we can solve the time dependenceof operators a an
ay, which we now de¯ne to be the t = 0 versionsof time-dependent operators,

amk (t) = amk (0)e¡ i! m ; (2.28a)

ay
mk (t) = ay

mk (0)ei! m : (2.28b)

We can usetheseoperators to de¯ne time dependent ¯elds by substituting the
time dependent instead of the time independent operators in equation (2.23).

Now we can calculate somecorrelation functions. We are mainly interested
in the propagator, which we will needlater on.

G(x; y) = hB g j T Ã(x)Ãy(y)j B g i (2.29)

Before we continue we ¯rst have to de¯ne some more boundary conditions.
To be precise we have to de¯ne our background j B g i . In a non-relativistic
theory the particle number is conserved, hencewe have to de¯ne the number
of particles in the ground state.

For generalparticle number a lot of con¯gurations will be equivalent, since
the spectrum consist of degenerateenergy levels. We will choosea background
that ¯lls exactly p levels. This ¯xes the number of equivalent states to exactly
one,

j B g i = N
X

m· p

Z
dk amk j 0 i ; (2.30)

The N is just a constant that normalizes this state to 1. With this choice for
the background we can calculate the propagator in (2.29),

G(x; y) = hB g jÃ(x)Ãy(y)µ(x0 ¡ y0) ¡ Ãy(y)Ã(x)µ(y0 ¡ x0)j B g i

=
X

m

X

n

Z
dk

Z
dqÁmk (x)Á¤

nq(y)e¡ i (! m x0 ¡ ! n y0 )

£
h
µ(x0 ¡ y0)hB g jamk ay

nq j B g i ¡ µ(y0 ¡ x0)hB g jay
nqamk j B g i

i
:

(2.31)

In the ¯rst bracket all term ank with n · p vanish, becausethe creation op-
erators work on already ¯lled states which means they annihilate them. In
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the secondbracket an analogousreasoningshows only terms with n > p sur-
vive. We now exchangethe operators in the brackets, at the cost of yielding an
anti-commutator. The brackets with operators betweenthem again vanish. By
making useof equations (2.28) and (2.30) we then ¯nally ¯nd

G(x; y) =
X

m

X

n

Z
dk

Z
dqÁmk (xxx)Á¤

nq(yyy)±nm ±(k ¡ q)e¡ i (! m x0 ¡ ! n y0 )

£
h
µ(x0 ¡ y0)µ(p ¡ m) ¡ µ(y0 ¡ x0)µ(m ¡ p)

i

=
X

m· p

Z
dk Ámk (xxx)Á¤

mk (yyy) e¡ i! m (x0 ¡ y0 )µ(x0 ¡ y0)

¡
X

m>p

Z
dk Ámk (xxx)Á¤

mk (yyy) e¡ i! m (x0 ¡ y0 )µ(y0 ¡ x0):

(2.32)

This expressionfor the propagator for non-interacting electronswill be impor-
tant later on.

2.4 Fractional quan tum Hall e®ect

We now understand the quantum Hall e®ectfor integer ¯lling fraction, but the
fractional quantum Hall e®ectis still a mystery. For fractional ¯lling fraction
the Fermi does not lay in a energy gap. To state it even stronger, for every
electron we have 1

º statesavailable within the lowest Landau level. We can ¯nd
no reasonto send¿ to in¯nit y, henceno quantum Hall e®ect.

To get us out of this problem we have to add interactions betweenelectrons.
This complicatessolving the quantum mechanical problem a great deal. If we
want to proceedin a standard manner, we would usethe integer quantum Hall
e®ectas a free theory and include the interactions as a perturbation. This
approach requires us to ¯rst diagonalizeeach degeneratesubspace,but in this
casethat is an immensetask by it self.

Becauseof this complication, physicists turned to other methods. The ¯rst
result was the wave function found by Laughlin by the method of 'in telligent
guessing'. His wave function is a very good approximation for the states with
¯lling fraction 1

2m+1 , with m a integer. Wave functions determined with nu-
merical simulations of a small number of particles show a fantastic overlap with
Laughlin's wave function. If the coordinates of two particles are exchanged in
this wave function, one yields a factor ei (2m+1) ¼, which is equal to ¡ 1. This
is the correct value for fermions, but the factor 2m + 1 is a little out of the
ordinary, a 1 would be enough. This started peoplethinking. If one exchanges
two electronsit looks as if oneactually circlesaround an electron and 2m units
of °ux.

This thought started a whole seriesof investigations to '°ux attachment'.
This idea (by Jain [19]) goes as follows. If one assumesthat each electron
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binds 2s units of magnetic ¯eld, these objects live in a smaller magnetic ¯eld
B = B ¡ 2¼2s. If then for somereasonthese new objects are 'free', they can
exhibit an integer quantum Hall e®ectby themselves in the reducedmagnetic
¯eld. When they ¯ll p of their e®ective landau levels, the ¯lling fraction for the
real electrons is actually

p
2sp+ 1

: (2.33)

Thesearguments can give a hint to why the statesat ¯lling fractions p
2sp+1 , the

so-calledJain's series,exhibit the quantum Hall e®ect.

Another idea that started from Laughlin's wave function, which wasactually
found before Jain's construction, involves quasiparticles. The wave function
resembles that of an uniform state of plasmaconsistingof particles with charge
º . It wasthen conjectured that excitations on the state described by Laughlin's
wave function were particles of fractional charge and anyon statistics. We can
use these quasiparticles to predict quantum Hall states at new fractions. If
one makesenoughof theseparticles, thesequasi-particles can form a quantum
Hall state themselves. This happensat ¯lling fraction 1

2m+1 ¡ 1
2p1

, for m and p1

integers. We can go on and create quasiparticles on top of the uniform state
of quasiparticles of the ¯rst kind. These then can form a new uniform state,
and so. This procedureyields the socalled hierarchical schemeby Haldane and
Halperin.

º =
1

2m + 1 ¡
1

2p1 ¡
1

2p2 ¡
1

. . . ¡
1

2pN

(2.34)

The ideasin this section are qualitativ e ideasthat, in someinstances,work
very well. But for a better understanding of the fractional quantum Hall e®ect,
a more careful treatment is needed. A large part of this thesis will be about
constructing a quantum ¯eld theory that implements the ideasabove in a more
rigorous way.



Chapter 3

Chern-Simons term in ¯eld
theory

The ideaof °ux-attac hment asintro ducedin the previouschapter is a somewhat
vagueconcept. In this chapter we will develop sometools that will put it on a
more solid, ¯eld theoretical, footing. To be more precise,we will study gauge
¯elds with a Chern-Simonsterm and seewhat e®ectthe coupling of such a ¯eld
has on the statistics of non-relativistic fermions.

3.1 Fermionic Chern-Simons theory

The analysisin this chapter could just aseasilybedonewith Bose¯elds instead,
but since we want to apply this to a system of electrons, which are fermions,
we will useFermi ¯elds. Let us start with the following action

S =
Z

d3x
½

iÃ yDoÃ ¡
1

2m

¡
D i Ã

¢yD i Ã +
µ
4

²¹º ¸ a¹ f º ¸

¾
: (3.1)

This is the non-relativistic action in 2+1 dimensions for a scalar Fermi ¯eld
coupled through the covariant derivatives

D ¹ = @¹ + iq a¹ (3.2)

to a U(1) gauge¯eld a¹ . The last term of the action is the so-calledChern-
Simonskinetic term for the gauge¯eld, f is just the ¯eld strength of the gauge
¯eld. Under a gaugetransformation the Chern-Simonsterm transforms with a
total derivative, ±S =

R
d3x @¹ (² ¹º ¸ ¤@º a¸ ). This meansthat if we are allowed

to drop boundary terms the Chern-Simonsaction is gaugeinvariant. The clas-
sical equationsof motion following from this action are

±S
±Ã

= iD oÃ +
1

2m
D i D i Ã = 0 (3.3a)

±S
±a¹

=
µ
2

²¹º ¸ f º ¸ ¡ q j ¹ = 0: (3.3b)

23
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We ¯nd the equation for the conjugate ¯eld by hermitian conjugation of (3.3a).
In theseequations j ¹ are standard density and current operators

j o = ÃyÃ ´ ½ (3.4)

j i =
1

2mi

n
ÃyD i Ã ¡

¡
D i Ã

¢yÃ
o

: (3.5)

By using the equations (3.3a), and its conjugate, we seethat j ¹ satis¯es the
continuit y equation

@¹ j ¹ = 0: (3.6)

The equation of motion for the ¯eld a¹ has a peculiar form: it is a constraint
on the Chern-Simons¯eld strength. When the particle currents are given, the
¯eld strength is completely determined. We now could quantize the action (3.1)
by imposingcanonicalanti-commutation relations betweenthe ¯elds Ã and Ãy,
try to quantize the gauge¯eld and deal with the relation (3.3b) betweenÃ and
a¹ in the quantum theory. Instead, we like to try to solve the constraint ¯rst
and then quantize. This will illuminate the e®ectthe gauge¯eld has on the
matter ¯eld.

3.2 Pure gauge

In this sectionwe will seethat the gauge¯eld a¹ , obeying its classicalequations
of motion, is a pure, all be it singular, gauge. The time component of (3.3b) is

q
µ

½= ² ij @i aj ´ ¡ b: (3.7)

If we choosethe Coulomb-gauge

@i ai = 0; (3.8)

we can invert (3.7) yielding for ai

ai (xxx; t) = ¡
q

2¼µ

Z
d2y lnjxxx ¡ yyyj² ij @j ½(yyy; t); (3.9)

where 1
2¼ lnjxxx ¡ yyyj is the Greensfunction for the Laplacian in 2D. We can rewrite

equation (3.9) to show that it is a gradient,

ai = ¡
q

2¼µ

Z
d2y ² ij @x

j lnjxxx ¡ yyyj½(yyy)

=
q

2¼µ

Z
d2y @x

i tan¡ 1 ¡ x2 ¡ y2

x1 ¡ y1

¢
½(yyy)

=
q

2¼µ
@x

i

Z
d2y ang(xxx ¡ yyy)½(yyy);

(3.10)

where we intro duced the multi-v alued function ang(xxx ¡ yyy) which gives the az-
imuthal angleof xxx with respect to yyy. Sinceang(xxx ¡ yyy) is a multi-v alued function,
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we have to make a branch cut if we want to integrate it. The branch cut will
generally be a function of xxx, which means that the limits of the integral will
depend on xxx too. In that casemoving the gradient out of the integral will gen-
erate extra terms and ai is not a gradient. Fortunately, if the particle density is
a sum of ±-functions, which is very natural for non-relativistic particles, we do
not get any boundary terms and so (3.10) is valid. From the spacecomponents
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Figure 3.1: ang(xxx ¡ yyy) is the azimuthal angle of xxx with respect to yyy. Note that
ang(xxx ¡ yyy) ¡ ang(yyy ¡ xxx) = ¼.

of (3.3b) we ¯nd

¡
q
µ

² ij @i j j = @i f io

= @i
¡
@i ao ¡ @oai

¢

= @i @i ao;

(3.11)

which we can invert in the same manner as above. By using the continuit y
equation (3.6) we can write it as time derivative.

ao = ¡
q

2¼µ
@x

j

Z
d2y ang(xxx ¡ yyy)j j (yyy)

= ¡
q

2¼µ

Z
d2y ang(xxx ¡ yyy)@y

j j j (yyy)

=
q

2¼µ
@o

Z
d2y ang(xxx ¡ yyy)½(yyy)

(3.12)

Combining the equations (3.10) and (3.12) we seethat a¹ is a space-timegra-
dient and so indeed a pure gauge

a¹ =
q

2¼µ
@¹

Z
d2y ang(xxx ¡ yyy)½(yyy)

= ¡ @¹ ¤ :
(3.13)
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This means that we can remove the gauge¯eld all together by the following
gaugetransformation.

Ã ! ~Ã = e¡ iq¤ Ã

Ãy ! ~Ãy = Ãyeiq¤

a¹ ! a¹ + @¹ ¤

(3.14)

Since the gauge¯eld now vanishes,the covariant derivatives reduce to normal
ones and we obtain the action of a free ¯eld ~Ã. But there is a catch. If
we quantize the theory these new ¯elds do no longer obey the normal anti-
commutation relations. This is the casebecause¤ contains the density operator
(3.4) and thus doesnot commute with the ¯eld Ã,

£
Ã(xxx); ¤( yyy)

¤
= ¡

q
2¼µ

Z
d2z ang(yyy ¡ zzz)

£
Ã(xxx); Ãy(zzz)Ã(zzz)

¤

= ¡
q

2¼µ

Z
d2z ang(yyy ¡ zzz)

µ
©

Ã(xxx); Ãy(zzz)
ª

Ã(zzz) ¡ Ãy(zzz)
©

Ã(xxx); Ã(zzz)
ª

¶

= ¡
q

2¼µ

Z
d2z ang(yyy ¡ zzz)±(xxx ¡ zzz)Ã(zzz)

= ¡
q

2¼µ
ang(yyy ¡ xxx)Ã(xxx)

(3.15)

Here we used canonical anti-commutation relations for the ¯elds Ã and Ãy.
From (3.15) follows directly

Ã(xxx)e¡ iq¤( yyy) = e¡ iq¤( yyy)eiº ang(yyy¡ xxx)Ã(xxx); (3.16)

where we intro duced º = q2

2¼µ . All this meansthat under exchangethe ¯elds ~Ã
and ~Ãy behave as follows.

~Ã(xxx) ~Ã(yyy) = e¡ iq¤( xxx)Ã(xxx)e¡ iq¤( yyy)Ã(yyy)

= ¡ e¡ iq
¡

¤( xxx)+(¤( yyy)
¢
eiº ang(yyy¡ xxx)Ã(yyy)Ã(xxx)

= ¡ e¡ iq
¡

¤( xxx)+(¤( yyy)
¢
eiº ang(yyy¡ xxx)Ã(yyy)eiq¤( xxx) ~Ã(xxx)

= ¡ eiº
¡

ang(yyy¡ xxx)¡ ang(xxx¡ yyy)
¢

~Ã(yyy) ~Ã(xxx)

(3.17)

A relation for ~Ã ~Ãy can be found in a completely analogous manner. Since
ang(yyy¡ xxx)¡ ang(xxx¡ yyy)

¢
= ¼(see¯gure 3.1) wehave found anyonic commutation

relations.

Ã(xxx)Ãy(yyy) = ei (º +1) ¼Ãy(yyy)Ã(xxx) + ±(xxx ¡ yyy) (3.18)

Ã(xxx)Ã(yyy) = ei (º +1) ¼Ã(yyy)Ã(xxx) (3.19)

We seethat the new ¯eld ~Ã doesnot acquire a factor ¡ 1 = ei¼ under exchange,
as the original ¯eld did, but a general phasefactor ei (º +1) ¼. This meansthat
by adding the Chern-Simons term to the action we changed the statistics of
the matter ¯elds from fermionic to anyonic. For º = 1 we have turned the
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fermions into a particle with boson statistics, but these particles di®er from
normal bosons. They inherit from the fermions the fact that no two particles
can be on the samepoint in space-time.

Another way of looking at it, is by observingthat the gaugetransformation
(3.14) is not regular. We seethat the magnetic ¯eld, which is supposedto be
gaugeinvariant, receivesa contribution

±b(xxx) = ² ij @i @j ±a(xxx)

= ¡
q

2¼µ

Z
d2y ² ij @i @j ang(xxx ¡ yyy)½(yyy) = ¡

q
µ

½(xxx):
(3.20)

Since the density j 0(xxx) is a sum of delta-functions the magnetic ¯eld receives
singular contributions at the location of each particle. What happened is that
the gauge transformation attached an in¯nitely thin solenoid with °ux q

µ to
each particle. This has no implications for the forces acting on the particles,
becausethesepoints are not part of the con¯guration space;particles can not
sit on top of each other. The only way this magnetic-¯eld is observed is by
the Aharonov-Bohm e®ect. When we transport one of these particle around

another we get a phasefactor ei q2

µ , thus the particles have statistics º = q2

2¼µ ,
which agreeswith (3.18).

3.3 Vortices

A nice feature of Chern-Simonstheory is the existenceof solutions to the classi-
cal equationsof motion other than the trivial one,the so-calledsoliton solutions.
These solutions play a fairly big role in the construction of Wen and Zee for
the fractional quantum Hall e®ect.When Laughlin ¯rst wrote down his famous
wave function, he noticed the resemblance to a plasma of particles with frac-
tional statistics. He predicted the existenceof excitations on this plasma with
fractional charge and anyon statistics. These so-called quasi-particles are by
someauthors identi¯ed with the vortex solutions we are going to study in this
section. We will study solitons in a theory of interacting anyons in an external
perpendicular magnetic ¯eld. This will be the relevant casefor the fractional
quantum Hall e®ect. In contrast to what we did in the previous section, we
will work with a Bose¯eld, Á, instead of the Fermi ¯eld, Ã. This will simpli¯es
the arguments used and make better contact with the theory of Wen and Zee
presented in chapter 5.

We thus replaceÃ with Á in (3.1), add an interaction term and changethe
covariant derivative.

S =
Z

d3x
½

iÁyDoÁ ¡
1

2m

¡
D i Á

¢yD i Á +
·
4

²¹º ¸ a¹ f º ¸ + V(jÁj2)
¾

(3.21)

D ¹ = @¹ + iea¹ + ieA ¹ : (3.22)
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For de¯nitenesswe ¯x the gaugefor the electromagneticgauge¯eld A0 = A r =
0; AÁ = B

2 r . The equation of motion for the Chern-SimonsField (3.3b) does
not changeby theseadditions. Equation (3.3a) does, it receivesa contribution
of the interaction @V (½)

@½ Á. These equations of motion have of coursea trivial
solution a¹ = 0 and Á = 0. A more interesting solution is

Á =
p

½ (3.23a)

ak = ¡ Ak (3.23b)

a0 =
@V(½)

@½
: (3.23c)

This corresponds to a state with uniform particle density (see also chapter
4). We can make a whole family of solutions out of this one, by applying the
gauge transformation (3.14). This may not be the true ground state, but in
non-relativistic ¯eld theory we need the state of lowest energy with a ¯xed
particle number. The quantum theory will then be a theory of excitation over
this background. From the Lagrangian corresponding to (3.21) we can ¯nd the
Hamiltonian by the usual Legendretransformation.

H =
Z

d3x
1

2m
(DkÁ)yDkÁ + V(jÁj2) (3.24)

We ¯nd the energyof the con¯guration (3.23) by substituting it into the Hamil-
tonian. Not surprisingly, only the interaction energy contributes, E = V(½).
Besidetheseuniform solutions there exists other stable, ¯nite energy, solutions
to the classicalequations of motion, which can be thought of as excitations of
the uniform background. These excitations are stable becauseof a topologi-
cal conservation law (conservation of winding number as we will see). We can
formulate someconditions for the existenceof such con¯gurations. The soliton
con¯guration is denoted with a hat (^). First of all we want it to be an excita-
tion on the background, hencefar away from its center, in the limit of r ! 1 ,
we want it to behave as

Á̂(r; µ) !
p

½eif (µ) (3.25a)

âÁ(r; µ) ! ¡
B
2

r 2 ¡
1
r

@f (µ)
@µ

(3.25b)

â0(r; µ) !
@V(½)

@½
: (3.25c)

This choice assuresthat the Hamiltonian density at r = 1 vanishes. This
keeps,if the con¯guration consist of well behaved functions, the energy ¯nite.
Furthermore we demand that (3.25a) is single-valued, this constrains f (Á) to
the form,

f (µ + 2¼) = f (µ) + k2¼; k 2
�

: (3.26)

At in¯nit y such a con¯guration is thus a map of S1 to the set of backgrounds,
which is generatedby the gaugegroup. A con¯guration is thus characterizedby
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an element of the ¯rst homotopy group of the gaugegroup ¼1(U(1)) = ¼1(S1) =
�

. This number is the winding number of the con¯guration, it denotes the
number of times onepassesthrough the gaugegroup whenonefollows 'the circle
at in¯nit y'. It is of coursenot possibleto continuously deform an element of

�

,
an integer, into another one. This assuresthe stabilit y of thesecon¯gurations.

3.3.1 Charge and Statistics

In principle onecould solve the equationsof motions (3.3) subject to the bound-
ary conditions (3.25), but that isn't necessaryfor the calculation of somebasic
quantities. By varying the action (3.21) to A0, we ¯nd that the chargeoperator
is Qem = e

R
d2x ÁyÁ. We de¯ne the charge of the soliton as the charge of Á̂

minus that of the uniform background (3.23). With the help of equation (3.7)
we can eliminate Á from the expressionfor the charge in favor of a¹

Qem = ¡
1
·

Z
d2x

¡
b̂(x) ¡ bbg(x)

¢

= ¡
1
·

I
dxxx ¢

¡
âaa ¡ aaabg

¢
:

(3.27)

This helps us to calculate the charge. The surfaceintegral can be evaluated at
in¯nit y, where we have an equation for ak (3.25b). Together with (3.26) this
yields

Qem =
1
·

I
dµ

@f (µ)
@µ

=
k2¼
·

: (3.28)

We have now found, with minimal assumptions,excitations on a uniform back-
ground with fractional charge and anyon statistics. As we will seethese exci-
tations will play a big role in the theory presented in chapter 5.
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Chapter 4

E®ectiv e bulk action by
Fradkin and Lop ez

In this chapter wewill present a quantum ¯eld theory for the fractional quantum
Hall e®ect,which wasintro ducedin a seriesof articles by E.Fradkin and A.Lopez
[5, 4, 3, 2, 1]. The reasoning is basedon the characteristics of the fermionic
quantum ¯eld theory described in the previous chapter.

4.1 Mo del

The quantum Hall e®ect is an e®ect that involves electrons on the interface
of two materials, moving in a strong magnetic ¯eld. In contrast to the integer
quantum Hall e®ectwhich canbedescribed in terms of non-interacting electrons
(and disorder if wewant to do it right), the essential ingredient for the fractional
quantum Hall e®ectis believed to be the interaction betweenelectrons. We thus
start with the action of a systemof interacting non-relativistic fermionscoupled
to an electromagnetic¯eld in 2+1 dimensions.

S =
Z

d3z
½

Ãy(z)[iD 0 + ¹ ]Ã(z) ¡
1

2m
(D i Ã(z)) y(D i Ã(z))

¾

¡
1
2

Z
d3z

Z
d3z0¡ jÃ(z)j2 ¡ ¹½

¢
V(z ¡ z0)

¡
jÃ(z0)j2 ¡ ¹½

¢
(4.1)

The ¯rst line contains the kinetic terms of the fermion ¯elds and the coupling
to the electromagnetic gaugepotential by meansof the covariant derivatives.
We take the electromagnetic¯eld asan external ¯eld without any dynamics. It
obeys the conditions for the experimental setup in the sensethat

BBB = (@1A2 ¡ @2A1)eeez (4.2)

EEE = @0AAA ¡ r A0 = 0: (4.3)

31
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In the action above ¹½is a neutralizing background, so the secondline of (4.1)
is an repulsive pair interaction between density °uctuations of the fermion
¯eld. We will take for this interaction the instantaneous Coulomb potential,
V (z ¡ z0) = 1

jzzz¡ zzz0j ±(z0 ¡ z0
0). This action confronts us with a complicated prob-

lem. We could try to do a perturbation seriesin Ã, and seethe ¯rst line as our
'free' theory. This is the theory we studied in section 2.3.2. One of the results
was that for ¯lling fractions where we hope to ¯nd the fractional Hall e®ectwe
have an immensedegeneracy. For a state with ¯lling fraction 1

3 for examplewe
have, within the lowest landau level, three times the number of energystatesas
we have electrons. Before we can continue we have to diagonalizethe subspace
of degeneratestates by hand ¯rst, but this is a hopelesse®ort. We will now
try to take advantage of what we have learned in chapter 3, to circumvent this
problem. As we saw in chapter 3 we can change the statistics of the fermion
¯elds by coupling them to a secondU(1) gauge¯eld (a¹ ) whosekinetic term is
a so called Chern-Simonsterm.

D ¹ ! @¹ + ieA ¹ + ia ¹ ; (4.4)

S ! S + SCS; (4.5)

SCS =
µ
4

Z
d3z ² ¹º ¸ a¹ f º ¸ (4.6)

Now if we choose 1
2¼µ even (2s), we have not changed the statistics at all; the

¯elds still obey fermion statistics. Since the only e®ectof adding the Chern-
Simons ¯elds was changing the statistics, the theory described by the action
SÃ + SCS (with appropriate µ) is the sameas a theory described by SÃ alone.
We can now study a family of actions and learn something about our original
theory.

4.2 Series expansion

The intro duction of the Chern-Simons ¯eld enablesus to expand the parti-
tion function around a di®erent saddle point. This helps us to identit y an
appropriate starting point for the seriesexpansionof the partition function in
perturbation theory. In this section we will show that in ¯rst approximation
the partition function of the system described above

Z =
Z

DÃDÃ¤Daexp(iS [a;Ã]) (4.7)

yields incompressiblestates at Jain's seriesfor the fractional quantum Hall ef-
fect. As it stands this partition function includes integration over gaugeequiv-
alent con¯gurations. Although it is not explicitly shown, we will ¯x a gauge
when necessary.

In experiments the system is probed with electromagnetic ¯elds (a voltage
is applied for example). That's why we intro duce a °uctuation ( ~A ¹ ) on the



4.2. SERIES EXPANSION 33

electromagnetic¯eld, with zero average,which we will useto ¯nd the response
of the systemto such perturbations. The meanelectromagnetic¯eld, which is of
coursevery important for the structure of the e®ective action we will ¯nd, will
not be very visible in the formalism, becauseit is a non-dynamical background.

The excitations, which the fermion degreesof freedom represent, are, as
we will see,gapped. Furthermore we assumethat the excitations created by
the electromagnetic probe have a smaller energy scale than then the fermion
excitations, hencewe want to integrate out the fermion degreesof freedom. The
integration of the fermion ¯eld is complicated by the interaction term, which is
fourth order in the ¯elds. We solve this by intro ducing a new Bose¯eld.

e¡ i
R

d3z
R

d3z0 1
2 [jÃ(z)j2 ¡ ¹½]V (z¡ z0)[jÃ(z0)j2 ¡ ¹½] =

Z
D¸e i

R
d3z ¸ (z)[jÃ(z)j2 ¡ ¹½]+ i

2

R
d3z

R
d3z0¸ (z)V ¡ 1 (z¡ z0)¸ (z0) (4.8)

The quadratic term in Ã now has a factor ¸ ¡ a0. We then shift ao ! ao + ¸
to remove the coupling between ¸ and jÃj2. Becausea0 is also present in the
Chern-Simonsterm the term linear in ¸ receives a contribution, which now is
¡ (µb+ ¹½)¸ . It is now trivial to integrate out the ¯eld ¸ to yield the following
action.

S =
Z

d3z
½

Ãy(z)[iD 0 + ¹ ]Ã(z) ¡
1

2m
(D i Ã(z)) y(D i Ã(z))

¾

¡
1
2

Z
d3z

Z
d3z0

h
µ(b(z) ¡ ~B (z)) + ¹½

i
V (z ¡ z0)

h
µ(b(z0) ¡ ~B (z)) + ¹½

i

+
µ
2

Z
d3z ² ¹º ¸ (a ¡ ~A)¹ @º (a ¡ ~A)¸ (4.9)

Note that we have we shifted a¹ again, this to remove the probe ( ~A ¹ ) from the
covariant derivatives and into the Chern-Simonsand interaction terms. This
simpli¯es the dependenceof our ¯nal e®ective action on ~A ¹ . We now shift the
Chern-Simons¯eld, a¹ ! a¹ + a¹ , and expand the partition function in terms
of quantum °uctuations a¹ around the classicalcon¯guration a¹ .

Z [a] =
Z

DÃ¤DÃ
½

1 + i
Z

dx a¹ (x)
±S

±a¹ (x)

¯
¯
¯
¯
a

+
i
2

Z
dxdy a¹ (x) aº (y)

±2S
±a¹ (x)±aº (y)

¯
¯
¯
¯
a
¡

1
2

Z
dxdy a¹ (x) aº (y)

±S
±a¹ (x)

±S
±aº (y)

¯
¯
¯
¯
a

+ ::::
¾

exp(iS [a])

(4.10)

We now integrate out the fermion ¯elds yielding expectation values(which we
will denote with h:::i ) in a theory of fermions moving in an e®ective magnetic
¯eld, B = B + b. If we now write the seriesthat we obtained as an exponential
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we ¯nd an e®ective action as a seriesin the ¯eld a¹ .

Sef f =
Z

dx a¹

D ±S
±a¹

E

+
1
2

Z
dxdx0 a¹ a0

º

³D ±2S
±a¹ ±a0

º

E
+ i

D ±S
±a¹

±S
±a0

º

E
¡ i

D ±S
±a¹

ED±S
±a0

º

E´

+ O(a3) + SCS(a ¡ ~A) + Sint (a ¡ ~A) (4.11)

By demanding that the action is stationary under small °uctuations,

D ±S
±a¹

¯
¯
¯
¯
a

E
= 0; (4.12)

we obtain the classicalequationsof motion,

hJ 0(x)i = ¡ µb (4.13a)

hJ i (x)i =
µ
2

e ¡ µ² ij @j

Z
dy V(x ¡ y)[µb(y) ¡ ½]: (4.13b)

As described above the averagesare just expectation values for a system of
non-interacting fermions in a magnetic ¯eld. But such systemswe can handle;
theseare preciselythe systemsstudied in section2.3. We know that there exists
uniform density and currentless ground states for such systems. If we assume
that the fermions form such a ground state, the equations(4.13) are solved with

b = ¡
½
µ

(4.14)

e = 0: (4.15)

This de¯nes the classicalcon¯guration upon which we build our quantum the-
ory. Our theory is thus a theory of excitations on a state with uniform fermion
density living in a magnetic ¯eld that is the sum of the external ¯eld and the
Chern-Simons¯eld. We know of course that such a state is characterized by
Landau levels (see2.3) and that for certain valuesof the magnetic ¯eld, when
a Landau-level is precisely ¯lled, there exist incompressiblestates. In other
words, if the ¯lling fraction of these e®ective Landau-levels, º ¤ = 2¼½

B + b
, is an

integer (p), we will have a quantum Hall e®ect. In this casethe true ¯lling
fraction is not an integer, but a fraction,

º =
1

1
º ¤

+ 1
2¼µ

=
p

2sp+ 1
; p;s 2

�

: (4.16)

This is precisely Jain's series(see(2.33)). The intro duction of the gauge¯eld
hasenabledus to ¯nd a mapping from a systemof interacting fermions living in
magnetic ¯eld B to a system of non-interacting (composite) fermions living in
a magnetic ¯eld B, analogousto the arguments given by Jain (seesection 2.4).
This is a theory we can work with, aswe will make clear in the coming sections.
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4.3 Electromagnetic Response

The low energye®ective action in the mean¯eld approximation, this meanswe
throw away all quantum °uctuations, is very simple.

SM F [ ~A] =
1

2s4¼

Z
d3z ² ¹º ¸ ~A ¹ @º ~A ¸ (4.17)

Although it already predicts fractions where there is a quantum Hall e®ect
possible, it is actually a little bit too simple to get a good prediction for the
electromagneticresponse. If we want to know how the systembehaveswhen we
probe the system with an electromagnetic¯eld, we needto take the functional
derivative to ~A. We then ¯nd the current, which is induced by the probe,

J ¹
E M =

±L

± ~A ¹
=

1
2s2¼

²¹º ¸ @º ~A ¸ : (4.18)

A special caseof this equation is the situation that we turn on an electric ¯eld
~Ek = @0Ak ¡ @kA0. We will induce a current in the perpendicular direction,
J m = 1

2s2¼² im E i . Comparing this with our previous expression(2.7) of the Hall
current we ¯nd a Hall conductanceof,

¾H =
1

2s2¼
=

½

b
: (4.19)

This is clearly not correct. From general considerations(seesection 2.2.1) we
know that a uniform °uid with ¯lling fraction º must exhibit a Hall conduction
of º

2¼. This problem disappearswhen we include quantum °uctuations over the
ground state in our analysis. This is the secondintegral in equation (4.11).
The S in this term is still the total action. Becausethe Chern-Simons and
interaction actions are independent of Ã, the averaging over Ã is trivial and
we recover Sint [a] and SCS[a] The terms coming from SÃ will give us some
more trouble. The secondand third term under the integral form together the
connectedpart of the current-current correlator, h ±S

±a¹

±S
±aº

i , which we will denote
as ¦ ¹º ,

¦ 00 = iG(x; y)G(y; x) (4.20a)

¦ 0j =
1

2m

©
G(x; y)D (y)

j G(y; x) ¡ G(y; x)D (y)y
j G(x; y)

ª
(4.20b)

¦ j 0 =
1

2m

©
G(y; x)D (x)

j G(x; y) ¡ G(x; y)D (x)y
j G(y; x)

ª
(4.20c)

¦ ij =
i

2m
±(x ¡ y)±ij G(x; y)

¡
i

4m2 D (x)
i G(x; y)D (y)

j G(y; x) ¡
i

4m2 D (x)y
i G(y; x)D (y)y

j G(x; y)

+
i

4m2 G(y; x)D (x)y
i D (y)y

j G(x; y) +
i

4m2 D (x)
i D (y)

j G(y; x)G(x; y):

(4.20d)
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In this equation we denotedthe propagator, hÃ(x)Ãy(y)i c, asG(x; y). As stated
before,this is the propagator of a fermion ¯eld living in an background magnetic
¯eld, B. We calculated this propagator in section 2.3. It was given by,

G(x; y) =
Z

dk
X

m>p

e¡ i! (x0 ¡ y0 )Ámk (x)Á¤
mk (y) µ(x0 ¡ y0) +

Z
dk

X

m<p

e¡ i! (x0 ¡ y0 )Ámk (x)Á¤
mk (y) µ(y0 ¡ x0): (4.21)

We implicitly useda gaugewhereA = (0; B x2; 0), hencethe wave functions are
labeled by a momentum k and landau level m. As explained in section 2.3 the
domains for the sumsand integrals are determined by boundary conditions for
the background. In this casewe have p completely ¯lled landau levels, hence
the sumsbegin respectively endsat p and the integrals are over all possiblek.

With this expressionfor G(x; y) we can do the actual computation of the
tensor ¦ ¹º . This computation will take some work, for which I will happily
refer you to [1]. For the goalswe are pursuing here,we will only needthe terms
that dominate in the low energy regime. To this end we will make our second
approximation. We will Fourier transform ¦ and keep only the terms up to
¯rst order in momentum.

The only terms that survive are,

L =
p

4¼
a¹ ²¹º ¸ @º a¸ +

1
2s4¼

(a ¡ ~A)¹ ²¹º ¸ @º (a ¡ ~A)¸ : (4.22)

We then integrate out the last dynamical degreesof freedom to obtain a func-
tional of ~A. This can be done quite easily by ¯rst shifting a¹ such that we
'complete the square'.

L =
1

2s4¼

³
(2sp+ 1)a¹ ²¹º ¸ @º a¸ + ( ~A²@)¸ (²@)¡ 1

¸º

2sp+ 1
(²@~A)º ¡ ~A ¹ ²¹º ¸ @º ~A ¸

´

=
2sp+ 1

2s4¼
a¹ ²¹º ¸ @º a¸ +

p
2sp+ 1

1
4¼

~A ¹ ²¹º ¸ @º ~A ¸

(4.23)

The Gaussianintegral in a can be doneand is now only a constant. The result-
ing term has the correct form (4.17), but now also with the correct constant

p
2sp+1 , which is equal to º .



Chapter 5

E®ectiv e bulk action by Wen
and Zee

Wen and Zeederived another low-energye®ective action. Their ¯rst theory was
built for the Jain-series[32], later they generalizedit to a theory for general
Abelian fractional quantum Hall states [33, 27]. They start the derivation of
their theory for the Jain-seriesin a very similar way as Fradkin and Lopez (see
chapter 4), so I will be brief.

5.1 Jain series

Wen and Zee, naturally , start with the samemicroscopic Lagrangian (4.1) as
did Fradkin & Lopez. They then 'attach 2s units of °ux' by performing a °ux
attachment transformation. In other words, they add a Chern-Simonsterm to
the Lagrangian and couple the matter ¯elds to the Chern-Simonsgauge¯eld.
The result is again a system of fermions (the even number of °ux induce a
Aharonov-Bohm phaseof ei 2¼s = 1) in a magnetic ¯eld.

In a mean ¯eld sensethese new objects experience an e®ective magnetic
¯eld

B = B ¡ 2¼s ne (5.1)

which is smaller as before. For integer e®ective ¯lling fraction (º ef f = p) these
objects exhibit an integer quantum Hall e®ect. One then argues that in the
low energy limit transitions betweenLandau levels do not occur, hencewe can
treat the landau levels as independent. For each one of the Landau levels we
then intro duce a non relativistic fermion ¯eld, with massm and a short range
interaction, V , betweenparticles in the sameLandau level. All the new ¯elds
have their statistics changed to Bose by intro duction of p more U(1) gauge

37
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¯elds. This all adds up to the following action

L =
pX

I =1

©
Áy

I i
£
@0 ¡ i (®0 + aI 0 ¡ A0)

¤
ÁI

¡
1

2m

£
@i + i (®i + aI i ¡ A i )

¤
Áy

I

£
@i ¡ i (®i + aI i ¡ A i )

¤
ÁI

¡ V (Áy
I ÁI ) +

1
4¼

²¸¹º aI ¸ @¹ aI º

o
+

1
4¼2s

²¸¹º ®¸ @¹ ®º (5.2)

Note that the ¯eld A appearing in this equation is a small perturbation on the
electromagneticgauge¯eld that producesthe magnetic ¯eld. The magnetic ¯eld
is implicitly contained in the coupling constant. Now we notice that we have p
copiesof the bosontheory described in chapter 3.3. In each of those copieswe
can have gapful vortex excitations and gaplessNambu-Goldstone excitations,
´ . The Nambu-Goldstone mode can also be described by a masslessgauge
¯eld, which is related to the original ¯eld ´ by the relation @¹ ´ = ² ¹º ¸ @º c¸ .
Thus c¹ is the dual ¯eld of ´ . In this dual representation the vortex excitation
is just a charged particle. This is the big advantage of this 'dual picture',
the complicated vortex excitations in the original theory is now just a simple
chargedpoint particle. In the dual picture the Lagrangian reducesto Maxwell's
for the ¯eld a¹ coupled to a particle current an the original gauge¯elds. The
dualit y transformation has the form,

iÁy
I

£
@0 ¡ iA 0

¤
Á ¡

1
2m

£
@i + A i

¤
Áy£@i ¡ iA i

¤
Á ¡ V (ÁyÁ)

! f 2
(c) + c¹

¡
j ¹ +

2
4¼

²¹º ¸ @º A ¸
¢
:

(5.3)

This dualit y transformation is more thoroughly discussedin reference[7]. For
each of the complex scalar ¯elds in (5.2) we apply this transformation. In the
result we drop the maxwell terms containing the new gauge¯elds. Theseterms
have one more derivative than the Chern-Simons terms, hence they are not
important in the low-energy limit.

L =
mX

I =1

n 2
4¼

¡
®+ aI ¡ A)¹

¢
²¹º ¸ @º cI ¸ +

1
4¼

²¹º ¸ aI ¹ @º aI ¸ + cI ¹ j ¹
I

o

+
1

4¼2s
²¹º ¸ ®¹ @º ®¸ (5.4)

We now integrate out ¯rst the ¯elds aI and then ® (seeahead in section 5.3),
this yields the ¯nal form of low energye®ective action.

L =
1

4¼

X

I

n
2
¡
®¡ A)¹

¢
²¹º ¸ @º cI ¸ + ² ¹º ¸ cI ¹ @º cI ¸ + cI ¹ j ¹

I

o
+

1
4¼2s

²¹º ¸ ®¹ @º ®¸

=
1

4¼

X

I

n
¡ 2cI ¹ ²¹º ¸ @º A ¸ + ² ¹º ¸ cI ¹ @º cI ¸ + 2s²¹º ¸ cI ¹ @º

X

J

cJ ¸ + cI ¹ j ¹
I

o

=
1

4¼

X

I J

n
K I J ²¹º ¸ cI ¹ @º cJ ¸ + cI ¹

¡
j ¹

I ¡ ² ¹º ¸ @º A ¸
¢o

(5.5)
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This Lagrangian has the form of several gauge¯elds coupled to each other and
the external Electromagnetic gauge¯eld. Just as we did with the low energy
e®ectiveaction derivedby Fradkin and Lopezwecandetermine the Hall current
and identify the ¯lling fraction (seesection 4.3). We than ¯rst integrate out
the last dynamical degreesof freedomto yield a functional of A alone,

L =
1

4¼

X

I J

K ¡ 1
I J ²¹º ¸ A ¹ @º A ¸ : (5.6)

If we comparethis with equation (4.17), we seethat it has the sameform, and
we can conclude that we have a Hall conductanceof

P
I J K ¡ 1

I J = p
2sp+1 . This

is of coursewhat we hoped for.

5.2 Still more gauge ¯elds

Having studied the Lagrangian in (5.5), one could wonder if there are more
generalK which describe incompressible°uids. A ¯rst generalization is to add,
in the steps leading to (5.2), instead of 1, kI (odd) °ux to make bosonsout of
fermions. This changesthe matrix K in equation (5.5) to,

K I J =

0

B
@

p + k1 p ¢¢¢
p p + k2
...

. . .

1

C
A : (5.7)

Furthermore we can imagine that ¯elds in the di®erent landau levels are di®er-
ently chargedunder A ¹ , for examplebecauseshort distancephysicsmight bind
two electronstogether. But also to be more generalwe replacethe last term in
(5.5) by,

²¹º ¸ t I cI ¹ @º A ¸ ; (5.8)

where t I is thus a vector containing the charges.

We can go even further, one can imagine that if one has a number of in-
compressible°uids, one can always combine them to yield another one. The
reasoningis asfollows. Such a Lagrangian should consistof a number of Chern-
Simons terms all are characterized by a square matrix of which we know it
describesan incompressible°uid by itself. As a physical input we assumethat
the gauge¯elds ultimately interact via the electromagnetic ¯eld, so the only
coupling between the gauge¯elds from di®erent °uids should be a function of
the total current. Sincewe are only interestedin the low energye®ective action,
we take only that term that dominates in that limit, the Chern-Simonsterm.
This all comesdown to the following Lagrangian,

L =
X

sI J

c(s)
I K (s)

I J ²@c(s)
J + p

X

sI

t (s)
I c(s)

I ²@
X

r J

t (r )
J c(r )

J ; (5.9)
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where we temporarily dropped the space-time indices to clear up the nota-
tion. The indices between parenthesesdenote the original Lagrangians. This
Lagrangian consistsof Chern-Simonsterms only, henceis again a topological
theory.

It is convenient to changethe notation to let I now run over all gauge¯elds,
as in ¯rst the ¯elds in I 1, then I 2 and so on. The vector t I now consistsof all
t (s) on top of each other. In this notation the Lagrangian has again the form
of a matrix version of the Chern-Simonsterm as in the ¯rst term of(5.5), but
now with a matrix,

K I J =

0

B
@

K (1) 0 ¢¢¢
0 K (2)

...
. . .

1

C
A + p

0

B
@

t (1) t (1) t (1) t (2) ¢¢¢
t (2) t (1) t (2) t (2)

...
. . .

1

C
A ; (5.10)

wherethe K 's are matrices and the t's are vectorsand the index labelsthe °uids
we are combining. We would want to do somechecks on theseLagrangian. For
example if they contain excitations with the quantum numbers of an electron,
but ¯rst we will have to learn how to extract thesequantum numbers from the
Lagrangian.

5.3 K-matrices

In this sectionwearegoing to study someproperties of the matrix versionof the
Chern-SimonsLagrangian, for (almost) generalK ; t. We also add quasiparticle
currents in all gauge¯elds.

L =
1

4¼

X

I I 0

K I I 0²¹º ¸ aI
¹ @º aI 0

¸ +
e

2¼

X

I

t I ²¹º ¸ A ¹ @º aI
¸ ¡

X

I

l I j ¹ aI
¹ : (5.11)

In this equation and the following Roman capitals denote indices running over
the di®erent Chern-Simonsgauge¯elds. From now on for these indices also,
summation over repeated indices is implied. We thus have a vector of gauge
¯elds aI

¹ , which are coupled to themselves and to the others via a matrix ver-
sionof the Chern-Simonsterm. The couplingsaresummarizedin the symmetric
matrix K . The secondterm of (5.11) contains the coupling to a external elec-
tromagnetic gauge¯eld A ¹ that is used to probe the system. The vector t I ,
the charge vector, contains the coupling constants. Finally the last term is the
coupling to quasi-particles (seesection 3.3), again with its vector of coupling
constants, l I , which are the charges under the di®erent gauge ¯elds. In the
partition function containing the Lagrangian (5.11) we can integrate out the
Chern-Simonsgauge¯elds. We do this by ¯rst shifting the ¯eld aI

¹

aI
¹ ! aI

¹ +
¡ 1

2¼
K I I 0²¹º ½@º

¢¡ 1¡
l I 0j ½¡

e
2¼

t I 0²½¾¿@¾A¿
¢

= aI
¹ + 2¼GI I 0

¹½ J ½
I 0

(5.12)
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to 'complete the square'. Now we can integrate out the Chern-Simons¯eld and
are left with

L = ¡ ¼
Z

d3x
Z

d3y J ¹
I (x)GI I 0

¹¸ (x; y)J ¸
I 0(y): (5.13)

The inverse of K I I 0²¹º ¸ @º which we call GI I 0

¹¸ for now can most easily be
found in the Lorentz gauge @¹ a¹ = 0. A Fourier expansion of the identit y
K I I 0²¹º ¸ @º GI 0J

¸½ = I , assumingthat G is a function of (x ¡ y), yields

K I I 0²¹º ¸ ik º GI 0J
¸½ (k) = ±¹

½±J
I (5.14)

from that follows

GJ 0J
¾½ (k) ¡

k¾k¿

k2 GJ 0J
¿½ (k) = ²¾¿½

ik ¿

k2 (K ¡ 1)J 0J (5.15)

in the Lorentz gaugethe secondterm on the left hand side drops out. We now
have found the operator we were looking for.

GI I 0

¹½ (x; y) = (K ¡ 1)J 0J
Z

d3k
i² ¾¿½k¿

k2 eik (x¡ y)

´ ¡ (K ¡ 1)J 0J ²¾¿½@¿

@2

(5.16)

If we insert this result and the de¯nition for J into (5.13) we have an e®ective
Lagrangian as a function of the electromagnetic¯eld and quasiparticles.

L = ¼l I (K ¡ 1)I I 0
l I 0j ¹ ²¹º ¸ @º j ¸

+
e2

4¼
t I (K ¡ 1)I I 0

t I 0A ¹ ²¹º ¸ @º A ¸ ¡ etI (K ¡ 1)I I 0
l I 0A ¹ j ¹ (5.17)

We can ¯nd a few interesting identities from this equation. The ¯rst term tells
us the exchangeproperties of the particles, seethe next section to seewhy that
is the case.The statistical angle of a quasiparticle is

µ = l I (K ¡ 1)I I 0
l I 0: (5.18)

From the secondterm, we can read o®the ¯lling fraction of the Hall °uid. By
varying (5.17) to A ¹ we ¯nd precisely the Hall current, comparing with (2.7)
we ¯nd

º = t I (K ¡ 1)I I 0
t I 0 (5.19)

From the last term, the coupling to the electromagnetic ¯eld, we seethat a
particle with unit charge under aJ has electromagnetic charge t I (K ¡ 1)I J . A
particle with chargeslJ thus has electromagneticcharge

q = t I (K ¡ 1)I J lJ (5.20)
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5.4 Linking num ber

In this section we will study the behavior of the ¯rst term in (5.17) and show
what it has to do with statistics. Note that this section is actually closerelated
to the arguments made in chapter 3 leading to the observation that coupling
particles to a Chern-Simonsgauge¯eld changesthe statistics. For simplicit y
we will work with the following term,

S =
Z

d3x j ¹
²¹º ¸ @º

@2 j ¸ : (5.21)

Remember that j ¹ is a non-relativistic particle current

j ¹ (x) =
X

i

d r ¹
i

d t
±(xxx ¡ xxx i (x; t)) ; (5.22a)

r ¹ = (t; rrr ); (5.22b)

and, consequently , is conserved.

We assumeperiodic boundary conditions for the particles in the time di-
rection, this meansthat the world lines describe loops in Euclidean space-time.
The arguments below can be generalizedto generalcon¯gurations, but this will
complicate the notion of 'surface spannedby world line', which we needbelow,
somewhat. We will calculate the value of the action for this current. We ¯rst
observe that we can write equation (5.21) as a Coupling of the current to a
transversevector ¯eld, with a simple relation to j .

S =
Z

d3x j ¹ C¹ (5.23)

²¹º ¸ @º C¸ = j ¹ (z) (5.24)

We now substitute equations (5.22) in our Lagrangian. This enables us to
rewrite the integral of a sum of particles to a sum of integrals over the particle
world lines. integrals

S =
X

i

Z
d3x

d r ¹
i

d t
±(xxx ¡ rrr i (x)) C¹ (x)

=
X

i

Z
dt

d r ¹
i

d t
C¹ (r i )

=
X

i

I

¡ i

dx¹ C¹

(5.25)

Theseline-integrals can be rewritten to surfaceintegrals with useof the Stokes'
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theorem.

=
X

i

Z

§ i

dS¹ ²¹º ¸ @º C¸

=
X

i

Z

§ i

dS¹ j ¹

=
X

i;j

Z

§ i

dS¹
d r ¹

i

d t
±(x ¡ x i (x; t))

(5.26)

The integral in the last line measuresthe number of times particle i piercesthe
surface spannedby the world line of particle j . The sum over all particles is
called the linking number of the con¯guration. This number is obviously an
integer. It is a topological stable number, we cannot unlink a con¯guration
in continuous way simply becausewe cannot move two particles through each
other (seesection3.2). We now would want to seewhat happensto this number
if we swap the position of two particles at t = 1 . We should actually give a
prescription on how we 'braid' the world lines is it one over the other or the
other way around. This will di®er a minus sign, but that is not important in
the example we will study now. Let us start with a con¯guration with linking
number 0 consisting of two particles. In Euclidean space-timethat meansthat
the world lines form two unlinked loops (see¯gure 5.1 A). Our spaceis a disk
and time is circle, together they form a ¯lled torus. The world lines are thus
wrapped around the 'hole' in space-time If we now swap the two endpoints
we get a single loop piercing itself precisely one time (see¯gure 5.1 B), hence
we have a linking number 1 con¯guration. This is also a stable con¯guration,
becauseit is wrapped around the 'hole' and thus can't be contracted. Getting

Figure 5.1: braiding of world lines

the hang of it we swap the endpoints again, in the samedirection asbefore. The
result this time is two linked loops(see¯gure 5.1 C). If we study the orientation
of the surfacesand currents we come to the conclusion that the two surfaces
contribute the samesign (either + or -) and hencethis is a linking number 2
con¯guration. We conclude that under exchange the term under study (5.21)
changesits value with § 1. Going back to equation (5.13), we seethat we indeed
can concludethat the partition function acquiresa phasefactor under exchange
of particles. And that the particles have a statistical angle as given in (5.18).
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5.5 Hierarc hical scheme

Now we have sometools to work with, we will determine what ¯lling fractions
we have can actually make with the prescription in section 5.2. Note that we
now have left the realm of K -matrices that are valid according to the physical
derivation in the ¯rst section of this chapter. We are now studying more gen-
eral Lagrangians of which we suspect they describe quantum Hall states. The
picture advocated by Wen in his later papersstates that the e®ective theory for
the spin-polarized fractional quantum Hall states is basically the ¯eld theoretic
version of the Hierarchical scheme.

We can interpret the prescription for combining incompressible°uids as a
recursion relation. If we have two K -matrices we can combine them and add
the result to a third one, and so on. The hierarchical states for example (see
section 2.4), can be obtained from the recursion relation by taking all charge
vectors 1 in (5.10). This reducesthe secondmatrix to the pseudo-identit y (A
matrix consistingof only 1s,with CCC(2) we meanthe 2£ 2 pseudo-identit y). Then
onecombines¡ 1 with a 1£ 1 matrix pN + 1 with a coupling pN ¡ 1 + 1, the result
of this is then again combined with ¡ 1, but now with a coupling pN ¡ 2 + 1, and
so on. We than have

K I J = :::
½

¡ 1 ­
n

¡ 1 ­
©

¡ 1 ­ (pN + 1)CCC(2) ª + (pN ¡ 1 + 1)CCC(3)
o

:::: (5.27)

The ¯lling fractions of these states are determined with formula (5.19), while
we have chosenall t I = 1 this formula reducesto the sum of all entries of the
inversematrix. It is convenient to derive a formula for the ¯lling fraction in
terms of ¯lling fractions of the constituent matrices. The ¯lling fraction of two
combined matrices without coupling, is of coursejust the sum of the two ¯lling
fractions. The ¯lling fraction of KKK + pCCC isn't hard to ¯nd either (when you
recognizeCCC2 = pCCC),

ºKKK+ pCCC =
ºKKK

1 + pºKKK
: (5.28)

With this formula we ¯nd the ¯lling fraction of (5.27),

º =
1

pN ¡ 1
pN ¡ 1 ¡ 1

...¡ 1
p1

; (5.29)

which is indeed is precisely the hierarchical seriesof ¯lling fractions.

With help of more general matrices we can make almost any fraction we
want, but we don not know if they are consistent with what we now of a
quantum Hall system. A de¯ning property of a quantum Hall system is the
fact, that it consistsof electrons. For a theory to be consistent with this picture
we want at least to have a particle in the spectrum of excitations that has the
quantum numbers of the electron. We want a particle with charge 1 and with
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Fermi statistics. In the e®ective theory under study the particles in the theory
are combinations of vortices, hencewe need to ¯nd out if there exists a such
combination, a l I , that behavesas an electron.

We now choosel (L )
I = K J L , with L ¯xed. If we usethis combination in the

equations for charge (5.20) and statistics (5.18) for the quasiparticles, we get
the following identities,

q(L ) = tL (5.30a)

µLL 0

¼
= K LL 0 (5.30b)

From theseequationswe seethat if in the charge vector tL = 1 and the matrix
entry K LL = 1, we have indeed the quantum numbers of an electron (hole).

We have now found some constraints on the K -matrices that describe a
quantum Hall state, but they do not all describe a di®erent state? We can
rede¯ne our ¯elds by a basis transformation. If we do so, we have to take into
account that the gauge ¯elds are coupled to the vortices, hence we can take
only linear combinations with integer coe±cients. This meansthat two K 's are
equivalent when there exist a transformation such that,

K I J ! W T
I M K M N WN J ; W 2 SL(n;

�

); (5.31)

The formalism discussedin this chapter canbeusedto producenumerousstates
of which somewill be found in real samples. The formalism does not predict
which state will and which won't. It merely provides a classi¯cation of all
possiblequantum Hall states in terms of K and t.

Work done by FrÄohlich et al. (see for example [13]) is related to that of
Wen and Zee. They to provide a classi¯cation of quantum Hall states, but also
investigate more features of thesestates like for example their stabilit y.
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Chapter 6

Edge dynamics

As becameclear in chapters 4 and 5 quantum Hall states have only excitations
that are gapped, just like insulators. It is thus somewhat strange that the
transport properties of thesestatesare sogood. The resolution to this problem
is the fact that real life quantum Hall sampleshave an edge. Some authors
believe that this edge is responsible for transport. The quantum Hall states
may not have gaplessbulk excitations, but as we will seein this chapter they
do have gaplessexcitations located on the edge.

6.1 From Bulk to edge

Remember that we showed (p 23) that the bulk action (more precisely, the
Chern-Simonsterm) is gaugeinvariant only if we are allowed to drop boundary
terms. Of course we need our microscopic theory to be gauge invariant, it
implies charge conservation. So if we intro duce an edge, something which is
always present in real life condensedmatter systems, we will have to repair
this. If we intro ducea spatial edge,which meansthat in the time-directions we
are still allowed to drop boundary terms, the unwanted term we get is,

±S =
m
4¼

Z
d3x @¹ (¤ ² ¹º ¸ @º a¸ )

=
m
4¼

Z
d3x

©
@0(¤ ² ij @i aj ) + ² ij @i (¤ @j a0 ¡ ¤@0aj )

ª

=
m
4¼

Z
dt

I

±D

dxj ¤( @j a0 ¡ @0aj ):

(6.1)

If we now restrict gaugetransformations to functions ¤( xxx; t) which vanish on
the boundary, this term vanishesafter all. The only problem with this is that we
now miss a gaugedegreeof freedom and are not able to remove somedegrees
of freedom we would otherwise dismiss as pure gauges. We will study the
low energy e®ective action for the Laughlin states obtained from (4.22) with

47
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p = 1; m = 2s + 1 and derive an e®ective theory of edgeexcitations. We can
write the action as such

S =
m
4¼

Z
d3x

©
² ij @j (a0ai ) + a0² ij (@i aj ¡ @j ai ) ¡ ² ij ai @0aj + a¹ J ¹ ª

(6.2)

We can use Stokes' theorem to write the ¯rst term as a boundary term. We
remove this term by gauging a0 to zero at the boundary. The action is now
linear in and without any derivatives of a0. This reducesa0 to a Lagrange
multiplier that enforcesthe constraint

² ij (@i aj ¡ @j ai ) = ¡ J 0: (6.3)

Solving this for ai in the Coulomb gauge(just as in (3.7)-(3.9)) we ¯nd that it
can be written as a total derivative, ai = @i Á. Where Á is again a multi-v alued
scalar ¯eld. We cannot gaugetransform the ¯eld along the edgeto vanish. We
would need a gauge transformation (3.14) with ¤ = ¡ Á along the edge, but
we already set ¤ zero there. We thus gained a degreeof freedom on the edge.
Plugging this solution into the remaining terms of (6.2) leavesus with

S =
m
4¼

Z
d3x ² ij ¡

@i Á@0@j Á + @i ÁJ i ¢

=
m
4¼

Z
dt

I
dxj @j Á@0Á ¡

m
4¼

Z
d3x (@0Á ² ij @i @j Á + @i ÁJ i );

=
m
4¼

Z
dt

I
du @uÁ@t Á

(6.4)

where we used the fact that J ¹ is a conserved current and u is the coordinate
along the edge.

This is an action describing a Bose¯eld in one spacedimension. The only
problem with this action is that its Hamiltonian, which we ¯nd in the usual
manner,

¼=
±L

±@t Á
=

m
4¼

@uÁ (6.5)

H =
Z

dx(¼@t Á ¡ L ) =
m
4¼

Z
dx(@xÁ@t Á ¡ @xÁ@t Á) = 0; (6.6)

is identically zero. This was not entirely unexpected, becausethe action which
we started with is a topologicalaction. In other words; it hasno referenceto the
metric of the manifold, hencealso its Hamiltonian is zero. This expressesthe
fact that the action is an e®ectiveaction for degreesof freedombelow the energy
gap for excitations. The only degreesof freedom left are global excitation,
intimately related to the topology of °uid, the ground state degeneracyfor
example. We know that the edge states propagate and do carry energy and
consequently their Hamiltonian must not vanish. Somewhere along the way
we have thus thrown away this information. We have now have to give a
prescription how to repair this. In this chapter we will now follow a prescription
by Wen [31, 30] by choosing a gaugea0 + va1 = 0. This changesthe action to

S =
m
4¼

Z
dtdu(@t + v@u)Á@uÁ (6.7)
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6.2 Field theory on the edge

In this section we will study the action (6.7). The space-timewe work on is
S

£ S1, in¯nite in the time direction and periodic in space.For the multi-v alued
¯eld we will imposeboundary conditions,

Á(x + 2¼) = Á(x) + w2¼; w 2
�

: (6.8)

In the rest of this chapter it will becomeclear why we choosetheseboundary
conditions. The conjugate to Á for this action is obviously the sameas for the
action with vanishing v. Thus our Hamiltonian doesn't vanish anymore;

H = ¡
mv
4¼

Z
du@uÁ@uÁ: (6.9)

For the action to be bounded from below, we have to choose¡ mv > 0. The
action is also invariant under translations, u ! u + ±u, this symmetry of course
implies a conserved quantit y, momentum,

P =
m
4¼

Z
dx

±L
±@t Á

@xÁ =
Z

dx@xÁ@xÁ; (6.10)

which is precisely ¡ 1
v H . Actually this action has much more symmetries, it is

invariant under Lorentz transformations (which have a peculiar form in 1+1D)
and the two dimensional conformal group. I will not go further into these
matters. The equation of motion coming from Á,

(@t ¡ v@u)@uÁ = 0; (6.11)

givesus a relation between@t Á and @uÁ. Using Hamilton's equation,

@t Á(x) = i
£
H ; Á(x)

¤
= ¡ 2v i

Z
dy ¼(y)

£
¼(y); Á(x)

¤
; (6.12)

we ¯nd a secondequation. This givesus the commutation relation we must use
to be in accordancewith the equation of motion (6.11),

£
¼(x); Á(y)

¤
=

i
2

±(x ¡ y) (6.13a)

£
Á(x); Á(y)

¤
=

i¼
m

²(x ¡ y) (6.13b)

£
¼(x); ¼(y)

¤
=

im
8¼

@y±(x ¡ y) (6.13c)

The commutation relations between¼and Á also imply commutation relations
betweenfor Á with itself and ¼and itself.

In what follows we will work in units where jvj = 1. From (6.11) we know
that ¼ is a function of x+ = t + x and not of x ¡ = t ¡ x. So the ¯eld ¼
propagatesin only one direction, it is a chiral boson¯eld. From the boundary
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conditions (6.8) and the equation of motion (6.11) we seethat we can write the
classicalsolution to the equation of motion as,

Á(x) =
1

p
m

¡
c0 + p0(t + x) + i

X

k6=0

ck

k
e¡ ik (t+ x)¢: (6.14)

Note that the condition on ¼to be real classically, or hermitian in the quantum
theory, yields the relation cy

k = c¡ k for the Fourier coe±cients in the quantum
theory. Plugging all this into the commutation relation (6.13c) we ¯nd the
relations.

£
ck ; c¡ l

¤
= k±kl ; k 2

�

+ (6.15)
£
c0; p0

¤
= i (6.16)

We will largely ignore the secondequation, although it is clear it generates
states labeled with a 'momentum', well know from quantum mechanics. The
¯rst equation describes a in¯nite set of harmonic oscillators. In terms of the
operators ck the Hamiltonian, and thus the momentum operator, is diagonal

H = ¡
1
2

X

k> 0

c¡ kck (6.17)

wherewe de¯ned the Hamiltonian asthe normal orderedversionof the classical
Hamiltonian (6.9), sodropping an in¯nite constant. The ground state is de¯ned
as usual

ck j 0 i = 0; k 2
�

+ :

p0j 0 i = 0
(6.18)

We thus have found a set of states (c¡ k )n j 0 i with a momentum equal to minus
their energy. These states are not the only states in this theory. The states
generatedby the creation operators c¡ k are all charge neutral with respect to
the conserved current,

j ® =
1

2¼
²®¯ @̄Á: (6.19)

This is the electromagnetic charge current on the edge. To seethis fact more
clearly we begin with the charge current in the bulk.

±S
±A ¹

=
1

2¼
²¹º ¸ @º a¸ (6.20)

We can ¯nd the current on the edge by averaging the bulk current in the
direction perpendicular to the edge(v). After performing the averagewe send
the width of the edge(¸ ) to zero. This has the result that only the terms that
were derivativesin the direction perpendicular to the edgesurvive, the density
becomesfor instance,

j 0 = lim
¸ ! 0

1
2¼

Z
dv

©
@uav ¡ @vau

ª

= lim
¸ ! 0

1
2¼

©
¸@uav ¡ au(v + ¸ ) ¡ au(v)

ª

=
1

2¼
au =

1
2¼

@uÁ;

(6.21)
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wherewedroppedthe gauge¯eld just outside the sample,becausewecanchoose
it it to vanish there.

From equation (6.21) we thus ¯nd a very nice interpretation as for the ¯eld
¼(x). It is (up to a constant) the electron density on the edge. Becausethe
bulk behavesasan incompressible°uid the only excitations possibleare density
waves. The equation of motion for ¼(6.11) describespreciselythat. It is a wave
equation for wavesthat propagatewith velocity v. We can now say more about
the constant v entering in the Lagrangian. If we study a quantum Hall °uid we
needin addition to the perpendicular magnetic ¯eld a potential that keepsthe
°uid con¯ned. Semi-classicallythis con¯ning potential and the magnetic ¯eld
will induce a current °owing along the edge,

jjj = evvv = BBB ^ EEE; (6.22)

hence also the density waves will travel with this velocity. For consistency
reasonswethushave to choosev = E

B . The operatorsck thuscreatepropagating
density waves.

We can alsomake chargeminus onestateswhich are chargedwith respect to
the current (6.19). Such thus hasto satisfy the following commutation relation.

£Z
dxj 0; Ã(y)

¤
= ¡ Ã(y) (6.23)

When we recognizethe charge density as 2
m ¼, up to a constant equal to the

conjugate to the ¯eld Á, we can immediately solve this equation yielding,

Ã(y) = ei mÁ(y) : (6.24)

We ¯nd this new state's equation of motion by calculating the commutator with
the Hamiltonian,

@0Ã = i
£
H ; Ã

¤
= ¡ imv

Z
dx@xÁ(x)

£ 1
2¼

@xÁ(x); Ã(y)
¤

= imv
Z

dx@xÁ(x)±(x ¡ y)Ã(y)

= imv @xÁ(x)eimÁ (x) = v@xÃ(x);

(6.25)

which states that also the ¯eld Ã is chiral. By calculating the exchangeof two
such states we can determine their statistics,

eimÁ (x)eimÁ (y) = eimÁ (y)eimÁ (x)e¡ m2
£

Á(x);Á(y)
¤

= eimÁ (y)eimÁ (x)e¡ i¼m² (x¡ y) :
(6.26)

For m odd we have a fermionic operator, which we can identify with the elec-
tron operator. Now it is also clear why we chooseboundary conditions (6.8).
It assuresus that the electron states on the edgeare single-valued. The fun-
damental charged operator is the operator for m = 1, it has charge 1

m and is
anyonic with statistics 1

m . Theseproperties are exactly as we would expect for
our quasiparticles.
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6.2.1 Propagators

Having found the electron operator we can calculate the propagator for the
electron on the edge. We calculate the propagator of the normal orderedstates,
which we denote with colons (::). This can best be done in terms of the prop-
agator of the ¯eld Á. We assumex0 > y0, so we can drop the time ordering
operator.

Ge(x; y) = h0j T Ãy(x)Ã(y)j 0 i = h0j : e¡ imÁ (x) :: eimÁ (y) : j 0 i

= h0je¡ imÁ + (x)e¡ imÁ ¡ (x)eimÁ + (y)eimÁ ¡ (y) j 0 i

= h0je¡ m2
£

Á¡ (x);Á+ (y)
¤
j 0 i = e¡ m2h0 jÁ(x)Á(y)j 0 i

(6.27)

In the secondline we separatedthe ¯eld Á in a part with all annihilation opera-
tors Á¡ and onewith all creation operators Á+ , we de¯ne p0 to be a annihilation
and c0 a creation operator. In going to the last line we used the fact that the
commutator is a c-number.

We now thus needthe propagator for the ¯eld Á.

GÁ(x; y) = h0jÁ(x)Á(y)j 0 i = h0j
£
Á¡ (x); Á+ (y)

¤
j 0 i

=
1
m

X

k> 0

X

l< 0

1
kl

e¡ ik (x1+ vx0 )¡ il (y1+ vy0 )h0j
£
ak ; al

¤
j 0 i

+
1
m

(x1 ¡ y1 + vx0 ¡ vy0)h0 j
£
p0; c0

¤
j 0 i :

(6.28)

Now we can useequations (6.18) and ¯nd,

GÁ(x; y) =
1
m

³ X

k> 0

1
k

¡
e¡ i (x1+ vx0 )+ i (y1+ vy0 )¢k ¡ i (y1 + vy0)

´

=
1
m

¡
ln(1 ¡ e¡ i (x1+ vx0 )+ i (y1+ vy0 ) ) ¡ ln(ei (y1+ vy0 ) )

¢

=
1
m

ln(ei (x1+ vx0 ) ¡ ei (y1+ vy0 ) )

(6.29)

In the limit where x1 and x0 are small we then ¯nd,

GÁ(x; 0) =
1
m

ln(x1 + x0) +
i¼
2m

(6.30)

Finally we can substitute the expression for the boson propagator in equa-
tion (6.27) to ¯nd the expressionfor the electron propagator,

Ge(x; y) »
1

(x1 + x0)m : (6.31)

One thing that immediately draws the attention, is the exponent in the prop-
agator. If where dealing with a Fermi liquid the exponent would be 1, in our
situation it is an odd integer, m. This new electron state was named 'chiral
Luttinger liquid'. The anomalousexponent will have someimplications on for
example tunneling behavior.
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6.3 An edge for general K

It is possible to generalizethe derivation of the action for the edgestates to
generalK in the spirit of section5.3. In generalwestart with the matrix version
of the Chern-SimonsLagrangian (5.11). Just as with a single ¯eld we have to
add a term to this Lagrangian to make the Hamiltonian non-zero. In this case
this results in the following Lagrangian,

L =
1

4¼

£
K I J @t ÁI @xÁJ ¡ VI J @xÁI @xÁJ

¤
; (6.32)

and from this the following Hamiltonian,

H =
1

4¼
VI J @xÁI @xÁJ : (6.33)

If we want our Hamiltonian to be bounded from below VI J has to be a positive
de¯nite matrix, in other words it has only positive eigenvalues.

We can now simultaneously diagonalizeK and V by choosing a new basis
for Á. With this transformation the signature of the matrix K stays the same.
The Lagrangian now has the form of a number of independent ¯elds,

L =
1

4¼

£
¾I @t ÁI @xÁI ¡ vI @xÁI @xÁI

¤
: (6.34)

Depending on the signs of the eigenvalue (¾I ) in the K matrix, the ¯elds are
right or left movers.

We again (section 5.5) have sometrouble identifying the electron operator.
In principle we have multiple combinations that have the correct charge and
statistics. The general form is,

Ã = ei l I ÁI ; (6.35)

Where we have to keep in mind, that l I is also transformed by the transfor-
mations. Also the propagator (6.27) needssomemodi¯cations. In the caseof
multiple gauge¯elds it generalizesto,

hÃy(x)Ã(0)i / ¦ I (x ¡ vI t + i¾I ²)¡ ~l2I (6.36)

We will now determine this propagator explicitly for statesfrom the the ¯rst
hierarchy. This are states with ¯lling fraction p

p2s+1 , fractions included in this
seriesare for example 2

5 ; 3
7 ; 2

9 . In the hierarchical picture this are the so called
daughter states of the Laughlin fractions 1

2s+1 . The matrices that characterize
the e®ective actions for thesestates are according to (5.27) p £ p matrices and
given by T + 2sCCC. For the hierarchal scheme the charge vector was given by
t I = 1. While all eigenvalueshave the samesign (6.36) takesthe simpler form,

hÃy(x)Ã(0)i / (x ¡ vt)¡ l I K ¡ 1
I J lJ : (6.37)
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All operators that have charge1 and obey Fermi statistics can be interpreted as
the electron operator. With the help of equations(5.18) (5.20) we seethat this
is the casefor an operator which satis¯es

P
I l I = p2s + 1. The operator with

the smallest exponent will dominate tunneling, this operator has vortex-vector
(2s;2s;2s; : : : ; 2s + 1). If we use this in (6.37) we ¯nd an exponent of 2s + 1,
which is the same value we found for the 'mother states' of these fractions
(see(6.31)).

6.4 Tunneling

The experiments where the formalism can be put best to test are tunneling ex-
periments. In theseexperiments one let electrons tunnel from a normal Fermi
liquid (or other fractional quantum Hall state) to a fractional quantum Hall
state. Becausethe bulk is incompressible,thus fully gapped, the only excita-
tions that are accessible,live at the edge. This givesus a perfect possibility to
study the edgestate we predicted in the previous sections. Besidesthe mate-
rial we tunnel from and to, we can also di®erentiate in the material we tunnel
through. If we tunnel through vacuum, the only particles that tunnel are elec-
trons. We can also imagine quasiparticlestunneling from oneedge,through the
bulk and to an other edgeof a quantum Hall sample.

In our formalism so far we have only included a fractional quantum Hall
state, we now have to include a sourceof electrons and the coupling between
the two. The Hamiltonian we will work with consistsof three main parts,

H = HA ¡ ¹ A NA + HB ¡ ¹B NB + HT ; (6.38)

HT = t
¡
ÃA Ãy

B + Ãy
A Ãy

B

¢
jx=0 ; (6.39)

where H i is the unperturb ed Hamiltonian, N i the particle number and ¹ i the
chemical potential for the states on edgei . The Ã's are electron annihilation
and creation operators on edgeA and B respectively. As is clear from its form
HT is the interaction between the two edgesthat make tunneling possible, it
createsan electron on one edgeand annihilates one on the other.

In general the electron states on both edgeswill have di®erent momenta,
tunneling between the two is then only possible with the help of an process
that can absorb the momentum. We will model this asan impurit y at a certain
position, say x = 0. That is why H T is evaluated at x = 0.

We want to calculate the tunneling current as a function of the applied
potential. For this we need the expectation value of the change in particle
number on one edge,say edgeA,

I (t) = ¡ qh _NA (t)i : (6.40)

In the interaction picture we can write this as,

I (t) =
D

T ei
Rt

¡1 dt0H T (t0) _NA (t) T e¡ i
Rt

¡1 dt0H T (t0)
E

; (6.41)
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where T is the time-ordering symbol. In this equation we mean by time de-
pendenceof an operator, O = O(t), the time dependencegenerated by the
unperturb ed Hamiltonian. We will treat H T as a small perturbation and ex-
pand up to ¯rst order in HT ,

I (t) =
D¡

1 + i
Z t

¡1
dt0HT (t0)

¢ _NA (t)
¡
1 ¡ i

Z t

¡1
dt0HT (t0)

¢E

= ¡ i
Z t

¡1
dt0

D£ _NA (t); HT (t0)
¤E

:

(6.42)

Becausein the ground state particle number is conserved, we dropped the term
h _N i in going to the secondline. We now have to evaluate the commutator in
(6.42).

While we are working in the interaction picture, the operators are time
dependent and contain factors eiH 0 t . The calculation boils down to determining
commutators with operators that transfer an electron, like cy

A cB . We separate
the chemical potentials from the rest of time dependent terms to make the
dependenceon the applied voltage more apparent,

e¡ i
¡

¹ A NA + ¹ B NB

¢
Ãy

A ÃB ei
¡

¹ A NA + ¹ B NB

¢

= e¡ i
¡

¹ A ¡ ¹ B

¢
Ãy

A ÃB = e¡ iqV Ãy
A ÃB ;

(6.43)

where we identi¯ed the di®erencein chemical potential as the applied voltage.
The commutator we where looking for can now be simpli¯ed,

£ _NA (t); HT (t0)
¤

= i
££

HT (t); NA (t)
¤
; HT (t0)

¤

= i
£
eiH 0 (t ) ¡Ãy

A ÃB ¡ Ãy
B ÃA

¢
e¡ iH 0 (t ) ; eiH 0 (t0) ¡Ãy

A ÃB + Ãy
B ÃA

¢
e¡ iH 0 (t0)¤

= i
£
e¡ iqV t Ãy

A ÃB (t) ¡ eiqV t Ãy
B ÃA (t); e¡ iqV t0

Ãy
A ÃB (t0) + eiqV t0

Ãy
B ÃA (t0)

¤
:

(6.44)

If we now de¯ne O = Ãy
A ÃB and usethe result above in (6.42), we get

I (t) =
Z 1

¡1
dt0µ(t ¡ t0)

¡
e¡ iqV (t ¡ t0)

D£
O(t); Oy(t0)

¤E
¡ eiqV (t ¡ t0)

D£
Oy(t); O(t0)

¤E¢
:

(6.45)

We recognizethe retarded Green's function of operator O and its hermitian
conjugate, the advancedGreen's function. These functions depend only t ¡ t0,
hencethe total integrand dependsdoesand wecanset t to zero. In this language
the integral over t0 is a Fourier transform,

I (t) = iq
Z 1

¡1
dt0¡e¡ iqV t0

Gr et(t0) ¡ eiqV t0
Gy

r et(t
0)

¢
:

= qi
¡
Gr et(¡ qV ) ¡ Gy

r et(¡ qV )
¢

= ¡ 2qIm
¡
Gr et(¡ qV )

¢
:

(6.46)

This retarded Green's function can be evaluated can be evaluated quite easy
in terms of the propagators of the fermion operators. Becausethe fermions on
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di®erent edgesdo not interact, the correlation function factors into a product
of Green's function for side A and side B,

Gr et(¡ qV ) =
Z

d¿e¡ qV ¿GA (¡ ¿)GB (¿): (6.47)

We now have a equation where we can ¯nally useour Green's functions (6.31)
found for the Laughlin seriesin our theory. We only wanted to know the power
of the applied voltage, V . For this it is enoughto know that GB (t) » jt j¡ m and
GA (t) » jt j¡ 1 for a Fermi liquid. We can now useCauchy's formula to yield,

I »
Z

d¿e¡ qV ¿j¿j¡ m¡ 1 / V m : (6.48)

We thus seenon-linear behavior of the tunneling current. For a Fermi liquid
this would be linear. This anomalous behavior is con¯rmed by experiments
[22].



Chapter 7

Consistency on non-trivial
top ology

The schemeso far by Fradkin and Lopezaspresented in chapter 4 is consistent
for trivial surfacessuch as the plane, there are someproblemshowever with the
°ux attachment procedure on more complex surfaces. In chapter 6 we looked
at surfaceswith an edgeand develop a formalism to deal with problems (and
blessings)arising when we study such surfaces. In this section we will study
surfacescontaining handles as a torus for example. Although it is hard to
imagine an experimentalist making a Hall °uid on torus, this in contrast to the
easeto make a °uid on a surfacewith an edge,this casewill be important none
the less. It provides a clue to what is missing in the description so far and will
in the end producea picture of the edgethat is much simpler than the K-matrix
classi¯cation provides.

7.1 Large gauge transformations

On a surface with handles we have, in addition to the usual gauge transfor-
mation that are deformable to the identit y, transformations that wind around
the handles. This will give new constraints on the form of the Chern-Simons
coupling constant. A torus can be constructed out of a rectangle by identify-
ing both top and bottom and the right and and left side f (x; y) 2

S 2 j x =
x + L x ; y = y + L yg. The ¯elds living on this torus must satisfy certain
(boundary) conditions. If we follow the ¯elds once around a handle we arrive
at the samepoint on the torus again and, for the sake of single-valuedness,the
¯elds must return to their original value. Not quite, we can only distinguish
two con¯gurations up to a gaugetransformation, so the ¯elds have to return to
their old values up to a gaugetransformation. In addition to a periodic part,
which correspond to trivial boundary conditions, we can have a linear part in
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our gaugetransformation,

Ul in (x) = e2¼in k
xk

L k
; nk 2

�

(7.1)

For the gaugetransformation to besingle-valuedon the torus wehave to restrict
the nk to be integer-valued. In other words if move once around the handle,
we may make a full circle in the gaugegroup. In the Coulomb gaugewe can
try to solve ai in terms of the current, J , just as in chapter 3. We again get an
equation for the Laplacian of ai , which we then invert yielding

ai (x; tx; tx; t) =
´ i (t)
L i

¡
q
µ

Z
d2y G(xxx ¡ yyy)² ij @j ½(y; ty; ty; t): (7.2)

There are a few di®erenceswith the expressionwe found on the plane. The
Green's function on the torus is di®erent from the one on the plane, GT 1 =
GR2 + x2+ y2

L 1L 2
. Secondlywe explicitly wrote down the (time dependent and con-

veniently normalized) constants ´ i . In section 3.2 we ignored these constants
becauseboundary conditions wouldn't allow them, but on a torus we can't dis-
missthem. They are not given by the matter ¯elds, but follow from the winding
of the gauge¯eld ´ i =

R
dx ai . As a matter of fact, these constants become

operators in the quantum theory and are the causeof the new constraint on the
coupling constant We would now want to quantize Chern-SimonsLagrangian
(4.6) on a torus. We follow the line of thought of chapter 3 and do a singular
gaugetransformation to yield anyonic ¯elds. We have usedthe periodic part of
our gaugefreedomto do this. The main di®erencewith beforeis that we do not
eliminate the ´ 's. A residual gaugefreedomis left, this are precisely the trans-
formations (7.2), the large gaugetransformations. We now have a Lagrangian
with dynamical variables Ã; Ã¤ and ´ i ,

L =
Z

d2x
½

i ~ÃyDo ~Ã ¡
1

2m

¡
D i ~Ã

¢yD i ~Ã
¾

+ µ
¡
´ 2 _́1 ¡ ´ 1 _́2

¢
(7.3)

Concentrating our attention on the ´ dependent part, we seethat ´ 1 and ´ 2 are
each others canonical conjugate.

¼(´ )
i =

±L
±_́i

= µ² ij ´ j : (7.4)

This means that when we quantize the theory we have to impose canonical
commutation relations betweenthem,

£
´ 1; ¼(´ )

1

¤
= µ

£
´ 1; ´ 2

¤
= i (7.5)

With theseresults we can construct the operators that generatethe large gauge
transformations in the quantum theory,

Ui = e2¼i¼( ´ )
1 = e2¼iµ² ij ´ k : (7.6)

Theseoperators commute with the Hamiltonian, but in generalnot with each
other. This meansthat if weperform a largegaugetransformation on a state we
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generally get a di®erent state. In other words the theory is not invariant under
large gaugetransformations. That is something we do not want. Fortunately
we wrote 'in general'. To be precisethe commutator of the operators is

£
U1; U2

¤
=

¡
e¡ 4¼2 iµ ¡ 1

¢
U2U1: (7.7)

From this equation we learn that if we chooseµ such that,

2¼µ 2
�

; (7.8)

they do commute and our theory is consistent again.

7.2 New Fradkin and Lop ez

In the previous section we showed that the °ux attachment operation is not
consistent on closedsurfacesunless we choose the coupling constant µ = s

2¼,
where s is an integer. This con°icts however with our reasoningin section 4.1,
here we ¯nd that for the transformation to produce fermions out of fermions
we have to choose µ = 1

4¼s . There is a tric k to resolve this con°ict. This
involvesthe intro duction of an additional gauge¯eld. We start with the action
we used in section 3.1 with µ chosenas is appropriate according to section 4.
For clarit y we write down the coupling to matter matter ¯elds as an external
particle current j ¹ ,

S =
Z

d3x
½

1
4¼2s

²¹º ¸ a¹ @º a¸ + j ¹ a¹

¾
: (7.9)

We now intro duce an extra gauge ¯eld b¹ and use relation (A.9) from ap-
pendix A. We thus insert a peculiar form of T in the partition function. We
then arrive at,

S =
Z

d3x
½

2s
4¼

²¹º ¸ b¹ @º b̧ + a¹
¡ 1

2¼
²¹º ¸ @º b̧ ¡ j ¹ ¢

¾
: (7.10)

This operation has reduceda¹ to a Lagrangemultiplier ¯eld that enforcesthe
relation (3.3b) between b¹ and j ¹ . In other words it will make sure that °ux
is attached to the particles. The free action of ¯eld b now has a Chern-Simons
form with a coupling constant that satis¯es relation (7.8), henceit is consistent
on a torus or any other surface with handles. We now redo the derivation of
the low energye®ective action made in chapter 4 for our new action (7.10). In
its full glory,

S =
Z

d3x
½

2s
4¼

²¹º ¸ b¹ @º b̧ +
1

2¼
²¹º ¸ a¹ @º b̧

+ iÃ yD0Ã ¡
1

2m

¡
D i Ã

¢yD i Ã + V(jÃj2)
¾

; (7.11)
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it again has a complex dependenceon Ã. Note that the only the gauge¯eld a¹

enters in the covariant derivatives. By doing sometransformations, analogous
to those done in section 4.2, we can rewrite it such that we can integrate out Ã
without any problems. We yield an e®ective action that is a seriesin the ¯eld
a¹ , not b¹ becauseit was not directly coupled to the matter ¯elds. Just as in
chapter 4 we will keepterms up to secondorder in a. The secondapproximation
we make is to take low energylimit. We will keeponly terms with onederivative
or less. What remains of the seriesin a¹ is a Chern-Simonsterm containing a.
The total low energye®ective action now reads

S =
1

4¼

Z
d3x

½
2s ² ¹º ¸ b¹ @º b̧ + 2² ¹º ¸ a¹ @º b̧ + p² ¹º ¸ a¹ @º a¸

¾
: (7.12)

If we renamea to a1 and b to a2, we can summarize this action in a K-matrix
fashion, with K-matrix and charge vector.

K I J =
µ

p 1
1 2s

¶
(7.13)

t I =
µ

1
0

¶
(7.14)

Note that the external gauge¯eld coupled only to a¹ , which explains the form
of the charge vector. With the equationswe derived in section 5.3 we can now
calculate that the ¯lling fraction of this state is º = p

2sp+1 , as is should be.

7.3 Consequences of extra gauge ¯eld

The newly found form of the °ux attachment transformation of coursechanges
the arguments made in chapter 4. We ¯nd the most dramatic changesif put
the new action on a disk and examine the edge. We will follow the line of
thought usedin section 6.1 to derive a ¯eld theory on the edgeof the disk and
examine the consequencesof the extra gauge ¯eld we found in the previous
section. Before we continue we will extend the action (7.12) to include the
dynamics of quasiparticles. As described in section 3.3 quasiparticles exist in
the uniform background of a Chern-Simonstheory. The only gauge¯eld in our
e®ective action that has a uniform background is a, hencethe only gauge¯eld
that will couple to quasiparticles is a. In the languageused in section 5.3 the
quasi particle statistics is de¯ned relative to bosons.We are currently working
in a fermionic framework, where bare quasiparticles are composite fermions.
Their statistics gets changedby the Chern-Simonsgauge¯elds relative to their
bare value of ¼. To make this apparent in our equations we intro duce a third
Chern-Simonsgauge¯eld a3

¹ that couplesonly to the quasiparticles. It will only
shift their statistics by ¼and will have no e®ecton their charge or the value of
the ¯lling fraction. The new K-matrix, charge and °ux vector are now.

K I J =

0

@
p 1 0
1 2s 0
0 0 1

1

A t I =

0

@
1
0
0

1

A l I =

0

@
0
1

¡ 1

1

A (7.15)
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In chapter 6 we already saw that we can derive an edgetheory from the La-
grangian for the bulk. One of the problems encountered was the fact that the
Hamiltonian following from the Chern-SimonsLagrangian vanishes. Wen and
Zee argue they can choose a gauge that makes the Hamiltonian ¯nite again.
For multiple gauge¯elds this yields several propagating modes. In this section
we will follow somearguments by Fradkin and Lopez. They argue that only
¯elds that couple to the electromagnetic¯eld propagate, henceonly a term,

±L = v@1Á@1Á; (7.16)

needsto be added. For the present casethis meansthat only Á1 propagates.
Let us now study a genericcharged operators,

Ã = ei ( l1Á1+ l2Á2 ¡ l2Á3 ) : (7.17)

We already used the fact l3 = ¡ l2, to be consistent with our discussionabove.
If we substitute this ansatz in equation (5.20) we seethat an operator satisfying
l2 = pl1 is neutral. This stimulates us to make a basis transformation to the
¯elds,

ÁC = Á1

ÁN =
1

p
p

Á1 +
p

pÁ2

ÁN 0 = Á3

(7.18)

In this basis the Lagrangian takesthe following form,

L = ¡
1

4¼º

¡
@1Ác@0Ác ¡ @1Ác@1Ác

¢
+

1
4¼

¡
@1ÁN @0ÁN + @1ÁN 0@0ÁN 0

¢
: (7.19)

It is immediately apparent that only the charged mode Ác propagates. If we
now also write the operator under study in this form,

Ã = ei ( lC ÁC + lN ÁN + lN 0ÁN 0) ; (7.20)

the quantum numbers take a very simple form,

Q
e

= ¡ º lc (7.21a)

µ
¼

= ¡ º l2c + l2N + l2N 0: (7.21b)

It is clear that the neutral ¯elds only changethe statistics of the particles. If we
want to createonefundamental quasiparticle, we needto choosel1 = 0; l2 = ¡ 1
or what is equivalent lc = 1

p ; lN = ¡ 1p
p ; lN 0 = 1. This states has, as we can

check with formulas (7.21a), charge and statistics,

Q =
¡ e

2np + 1
(7.22a)

µ
¼

=
2s

2sp+ 1
+ 1 (7.22b)
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We can ¯nd one operator with the characteristics of the electron. This is the
state which consist of 2sp+ 1 quasiparticles.

We can now, just as in section6.2.1calculate the electron propagator. From
Lagrangian (7.19) we ¯nd we have three independent ¯eld which have the same
form as the one studied in section 6.2.1. For the neutral modeswe have v = 0.
This givesfor the electron propagator,

Ge(x; 0) »
1

(x + t)1=º
(7.23)

We now can use the propagator we found to ¯nd the behavior of the tun-
neling current. Becausethe theory by Fradkin and Lopezusesonly three gauge
¯elds for all states from Jain's series,it also predicts a simple behavior for the
exponent in the tunneling current,

I / V
1
º ¡ 1 (7.24)



Chapter 8

Conclusions

As has becomeclear in this thesis, a number of authors have argued that the
Lagrangian of the low-energye®ective theory for fractional quantum Hall states
takesthe form of a seriesof Chern-Simonsterms. Their respective theoriesstill
di®eron crucial points. The two theoriesthat werestudied in this thesisare the
K-matrix classi¯cation by Wen and ZeeversusFermionic Chern-Simonstheory
by Fradkin and Lopez.

We will try to compare both theories and try to make a judgment. We
will look at following criteria; Physical derivation, consistencyon higher genus,
predictive power, simplicit y and consistencyin general.

Although the derivation of low-energy e®ective theory for general fractions
is not a straight forward derivation form the microscopicaction, the K-matrix
classi¯cation is rather successfulin producing an uni¯ed picture of the fractional
quantum Hall states. For all states found in the laboratories it has a quantum
Hall state. A few issuesremain unclear though. The classi¯cation predicts for
a given K-matrix a certain number of physical quasiparticles. This number is a
complicated function of the ¯lling fraction and equalto the rank of the K-matrix
corresponding to the state living at that fraction. It is not clearwhy this number
varies so much betweendi®erent states, while the number of conservation laws
that could maintain their stabilit y is the samefor all fractions. This number is
one, charge conservation. A similar problem arisesat the edgewhere for every
particle speciesin the bulk we have a branch of excitation. Another weak point
of the K-matrix classi¯cation is that it permits di®erent quantum hall states
at one ¯lling fraction and does not give a prescription to select the best one.
In other words, the bare K-matrix classi¯cation lacks the predictive power to
tell us which state can be found in a quantum Hall sample. Also when one has
determined the state one is interested in one still has to choose the electron
operator. For a generalstate there is no unique electron operator.

The derivation of the low energy e®ective action by Fradkin and Lopez
is appealing and gives a nice ¯eld theoretic picture of the '°ux-attac hment'
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idea. In a straightforward line of reasoning they derive from the interacting
electronsystemtheir low energye®ectiveaction in terms of Chern-Simons¯elds.
The formalism also has a promise of further re¯nement by calculating higher
order corrections, although it is not clear at all this will yield good results. As
becameclear in chapter 7, the formalism neededsomesmall modi¯cations to be
consistent on non-trivial surfaces. With these modi¯cations it forms a theory
for the generalizedJain's series.Henceit doesnot tell us anything about other
fractions than are contained in this series.

We can draw the following conclusions:Both theories provide a framework
for calculating and predicting properties of quantum Hall states. While the
K-matrix classi¯cations is more general(it allows more fractions), it has at the
sametime lesspredictive power. The formalism can produce states at a lot of
fractions (sometimesmore then one), but doesnot state much about stabilit y of
thesestates. The theory by Fradkin and Lopezprovidesa simple picture for the
more pronouncedfractions, the generalizedJain's series. It has no ambiguities,
in the sensethat we have multiple electron operators or multiple states at one
fraction.

As stated in chapter 6 tunneling experiments can be used to check some
predictions of the theories. In particular the exponent ® in the relation between
the tunneling current and voltage,

I / V ®; (8.1)

hasbeenexperimentally determined [22]. In section7.3 we derived the relation
betweenthe tunneling current and voltageaspredicted by the theory of Fradkin
and Lopez. For all fractions in Jain's serieswe have found ® = 1

º .

Becausethe K-matrix classi¯cation predicts multiple branchesof edgeexci-
tations, it will not predict such simple relation betweenI and V . For fractions

n
2pn+1 , which are in the hierarchal scheme daughter states of the Laughlin se-
quence 1

2p+1 it predicts an exponent ® = 1
2p+1 , which is not equal to 1

º .

In reference[22] ® is determined to be 1
º for these fractions. This agrees

with the result by Fradkin and Lopez, but disagreewith that of the K-matrix
classi¯cation. In reaction to these results Wen and Lee have published an
article [20] where they argue now also the K-matrix classi¯cation agreeswith
this result. Their argument depends on discriminating between charged and
neutral modes. The neutral modeswill not contribute to the tunneling current
for high enough energy scales. Although this argument can ¯x the problem
with this experiment, it still should be possibleto seea deviation from 1

º .

What is maybe more surprising that the authors of [22] ¯nd ® = 1
º for all

¯lling fractions between 1
4 < 1, hencealso at ¯lling fractions we do not expect

a quantum Hall state at all. The theories we studied in this thesis are not
valid for these ¯lling fractions, so we cannot say a lot about this, but in our
derivation the existenceof a quantum Hall state was crucial to the existenceof
the edgestates. We obviously need a theory of the edgethat can explain the
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simple dependenceof ® on the ¯lling fraction, for all ¯lling fraction.

Maybe the core conclusionis a little disappointing. The ultimate theory of
the quantum Hall e®ectwasknown all a long. It consistsof a Hamiltonian for a
great number of interacting electronsliving in semi-conductor(with impurities
of course) in a high magnetic ¯eld. This system is very though. The theories
in this thesis only try to make the best of it. They all try to make a mapping
of this highly interacting systemto a systemof particles that are in somesense
'free', hencesomething we can handle. If we ¯nd such a mapping, it will only
be valid in a certain domain and limited in accuracy. Of coursethis is also the
power of the e®ective action approach and physicsin general. To ¯nd a seriesof
approximations that reducesa complicated question to one that can be solved
and givesgood answers in the domain of interest.
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App endix A

In tegrating out Chern-Simons
¯elds

We will derive a much used identit y usedwhen 'in tegrating out Chern-Simons
¯elds'. We mean we have a partition function, which is a path integral over
multiple ¯elds. We then perform one of the integrations and yield an action
depending on the rest of the ¯elds. We do this becausethe ¯eld we 'in tegrate
out' is not important to the e®ectunder study.

Z =
Z

DaDbeiS [a;b] = C
Z

DbeiS 0[b] (A.1)

We have a U(1) gauge¯eld with Chern-Simonsterm coupled to a current,

S =
Z

d3x
1
2

©
a¸ ²¸¹º @¹ aº + j º aº

ª
: (A.2)

We can check that the operator ²@̧º ´ ² ¸¹º @¹ is symmetric,
Z

d3x a¸ ²¸¹º @¹ aº

= ¡
Z

d3x @¹ a¸ ²¸¹º aº

=
Z

d3x aº ²º ¹¸ @¹ a¸ :

(A.3)

And we can ¯nd an inverse,

²@½
¸ ²@̧º aº = ²½¾

¸ @¾²¸¹º @¹ aº =
¡
±½¹±¾º ¡ ±½º±¾¹ ¢

@¾@¹ aº

= @½@¾a¾ ¡ @¾@¾a½= ¡ @2a½
(A.4)

In going to last line we chosea gauge,where @_a = 0. Now the inversecan be
written as.

(²@¡ 1)¹º = ¡
²@¹º

@2 : (A.5)
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In (A.2) we now shift the ¯eld a.

a¹ ! a¹ ¡ (²@¡ 1) ¸
¹ a¸ (A.6)

When we assumethe integral over a is invariant under such transformations we
¯nd,

S =
1
2

Z
d3x

©
a¸ ²@̧º aº ¡ j ¸ (²@¡ 1)¸º j º

ª

=
1
2

Z
d3x

©
a¸ ²@̧º aº + j ¸

²@̧º

@2 j º
ª

!
1
2

Z
d3x j ¸

²@̧º

@2 j º

(A.7)

In the secondline the term containing a has a Gaussian form, hencewe can
'in tegrated out' the gauge¯eld a.

If we take the following form the current,

j ¸ = ² ¸¹º @¹ bº = ²@̧º bº ; (A.8)

we get the following useful identit y,
Z

d3x
1
2

©
a¸ ²¸¹º @¹ aº + a¸ ²¸¹º @¹ bº

ª
! ¡

1
2

Z
d3x b̧ ²¸¹º @¹ :bº (A.9)
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