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Abstract

Two “eld theoretic descriptions for fractional quantum Hall states
are preseried and compared. First we review the role of the Chern-
Simons gauge eld in thesetheories. Then we derive the bulk low
energy e®ective actions and study electromagneticresponse. From
the bulk actions we derive an e®ective description of the edgeof suc
systemsand calculate tunneling characteristics. Finally we compare
the theorieswith regardsto, amongothers, internal consistencyand

predictive power.
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Chapter 1

General Intro duction

Since its discovery the quantum Hall e®ecthas been an intensively studied
subject. For the integer fractions this has resulted in consensuswithin the
solid-state community to what is the besttheory to describe the e®ect. For the
fractional quantum Hall states things are not so clear. Until today there is an
ongoing discussionon how to setup a quantum “eld theory that describesthe
fractional quantum Hall states. There is someconsensuson what the approxi-
mate form of the low energy e®ectiwe action is. All authors agreeit will have a
Chern-Simonsform, but there is somedebate on the preciseform. In particular
they disagreeon the number of Chern-Simonsgauge elds one needsto intro-
duce. These di®erenceshecomeapparertly clear when one studies the edge of
such states. Wen [28] wasthe rst to recognizethat the e®ectiwe theory of the
edgeof a quantum Hall sampleis a realization of the 1D electron state known
as the Luttinger liquid. The e®ectie action for the edgecan be derived from
the bulk action for the corresponding bulk state. The edge states have some
fascinating properties, which can be studied by experiments in the laboratory.

In the rst chapter of this thesis we will introduce some general concepts
neededto understand the quantum Hall e®ectand the problem we are dealing
with. Then we will study somefeaturesof the Chern-Simonsterm and seewhat
it hasto do with °ux attachment (chapter 3) and quasiparticles. In chapters 4,
5and 7 we will study two theoriesthat attempt to describe fractional quantum
Hall states. As stated, the edgelendsitself very well for a comparison of the
two theories. That is why in chapter 6 we study the edgeof a Chern-Simons
theory. Then we will go on and comparethe two theoriesand try to draw some
conclusionsin chapter 8.

My own cortributions include Tling in someminor calculations not found in
the literature (by me that is) and of coursethe conclusionsdrawn in chapter 8.

One subject in quantum Hall physics that in this thesis does not get the
attention it probably desenesis that of impurities. We motivate this by saying
we only study quantum Hall states as opposedto the ertire quantum Hall
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e®ect. We mean by this, that we do not include impurities and hencedo not
want to explain the plateaus and such. Also we want to mention the two
theories under study are not the only theoriesaround. Two other theoriesthat
desene mertioning are one by Shankar and Murthy [26, 15, 14], and a theory
by Pruisken and Skorif [8], that focuseson impurities and has the promise to
be alsovalid in the regionsbetweenquantum Hall states.
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1.1 De nitions

In this thesis we try to usethe following de nitions consequetly. As you all
know minus signsand factors 2 can really spoil your day.

2 Where no summation symbol is explicitly stated, summation over re-
peated indicesis implied.

2 metric: ©~ = diag(1;i 1;i 1)

2 Greekindices are space-timeindices

2 Small Roman indices denote spacecomponerts

2 We will useunits wherec= ~=e= 1.

In this thesis | often say 'Lagrangian’ when | actually mean 'Lagrangian den-
sity', this is alsovery commonin the literature sol hope you will forgive me.
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Chapter 2

Intro ducing the quantum Hall
e®ect

I will not give you a historical review of the quantum Hall e®ect,becausethis
has already beendone by numerous authors. We will not even do a complete
review of the quantum Hall e®ect. In this chapter we will only highlight the
key features of the quantum Hall e®ectand intro duce someconceptsneededin
the rest of the thesis. For a real thorough review | refer you to somebooks that
exist on the subject [12, 23].

2.1 Experiments

The standard experimental setup for the quantum Hall e®ectis a bar (see
“gure 2.1) of a specially prepared semiconductor. It consistsof two layers of
di®erent material with the property that electronsare attracted to the interface
of the two layers. And the bar is cold, typically 100mK . If onecoolsthe sample
down to low enough temperatures, the degreesof freedom perpendicular to
the interface are frozen out, leaving a e®ectiely two-dimensional system. The
secondmain ingrediert is a strong magnetic eld perpendicular to the plane the
electronscan movein. It is energetically favorable for the spin of an electron to
align with an external magnetic eld. For a strong enoughmagnetic eld this
leavesthe systemin a spin polarized state.

We can now start probing the sample, we apply a voltage. The typical
quantities that are measured,are the voltage applied, V., (L for longitudinal),
the voltage in the perpendicular direction, Vy, (H for Hall) and the current
that °ows through the sample. From this data one can calculate longitudinal
and Hall resistances,R; and Ry respectively. Sofar nothing stunning, but if
onevaries ¢, that is electron density divided by the magnitude of the magnetic
“eld, one nds for the resistancesa picture asin gure 2.2. As a function of the
fraction © = % (or ) in our units, we seestepsin Ry and not a straight line

11
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Figure 2.1: Experimental setup

as we would have guessedfor a classicalelectron gas. The middle of a plateau
is situated at integer valuesof °. In units of Eh_; these plateaus occur at @
values for Ry . For suzciently low temperatures the plateaus are extremely
°at, so°’at that it allows usto measurethe ne structure constart (®= 1 oc%,
1o and c are de ned), with very high precision. At positions where Ry is °at,

the longitudinal resistanceis extremely low, upper boundsof 10' 1°- have been
determined. A remarkable feature of the e®ectis that resistancesfound in the
guantum Hall e®ectare independent on details of the sample,such asgeometry
and composition. This is contrary to what is the casewith normal condensed
matter systems.

This e®ectis for obvious reasonscalled the integer quantum Hall e®ect. For
better sample qualities, a similar e®ectis found at fractional valuesof °. For
thesevaluesthe plateaus are generally lesspronounced. These states can best
be found by looking at the dips in the longitudinal resistance.

In past yearsexperimental physicists have studied all kinds of variations of
the quantum Hall e®ect, systemswith 2 or more layers, systemswhere spin
is not totally polarized, to name a few. Theoretical physicists have also been
busy, imagining more exotic quantum Hall states like non-Abelian and paired
states. We will not go into these matters, but stick to the simplest casewhich
can be complicated enough.

2.2 Classical Hall e®ect

The classicalHall e®ecthas a very straightforward origin. When a conductor,
which is carrying a current, is placed in a perpendicular magnetic eld the
charged particles in it will feel a Lorentz force. The particles carrying the
current will getdisplacedto the side of the sampleuntil the potential di®erence,
that is causedby this displacemen, balancesthe Lorentz force. This e®ect,
the appearanceof a voltage perpendicular to the applied current is called the
classicalHall e®ect.
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Figure 2.2: Ry and R asa function of °. Graph taken from [12].

Let us now look at a slightly better model, still in a classicalsetting. If we
are talking about electronsthis takesthe following form,

F=iEjv"B: (2.1)

The electronsthus feel a force perpendicular to the current. For a samplewith
conductivity ¥ this inducesa current,

= % (E + J " B): 2.2)

Classical conductivity theory then gives us conductivity as a function of the
mean free time between scattering everts,

Nedo .

Yo = ;
0 m

(2.3)

If we substitute this in (2.2) and solve that equationfor J, we nd the following
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equation,
~J =YE 2.4
y= 1 Tz Tz 2.5)
B itz w7

wherewe de ned the dimensionlessg, = ¢! ¢, with helpof ! ¢ = %, which is the
cyclotron frequency If for somereasonthe time betweentwo scattering events
gets very large, we may send ¢ to in nit y and yield an o®-diagonalform for
the conductivity tensor. This is the form we seein the quantum Hall e®ect;a
current perpendicular to the applied electric eld.

2.2.1 Uniform states

We can already understand someaspects of the quantum Hall e®ectby some
very generalconsiderations. Let us assumewe have a uniform state of electrons
moving in a plane under the in°uence of an uniform magnetic eld and an
electric eld, E, directed in the plan. To seewhat current this yields we boost
to a frame of referencewith velocity,

V= éEAB: (2.6)

In this frame the electric eld vanishes, hence we have no currents. Going
badk to laboratory frame we have now found our relation betweencurrent and

electric eld. We usej = j nev and yield,
VI 3 Tu 1
Ix  _ Ne 0 1 Ex . 2.7)
iy B i10 E, - '

This equation hasalready the right form for the quantum Hall e®ect,but we are
no quite there. We don't seeany plateaus and why the e®ecthappensat only
certain valuesof © is unclear. We know this argumert can not be valid for the
true quantum Hall system, becausesuch a systemwill always have impurities,
which break the translational invariancethis argumert crucially dependson. A
conclusionwe might draw from theseconsiderations,is that at stateswherethe
e®ecthappensthe electronsare in somesort of uniform state.

2.3 Integer quantum Hall e®ect

To better understand the quantum Hall e®ect,we needto take in to accoun

the fact that the world is quantum. Hencewe write down a Hamiltonian for a

system of electronsin 2+ 1 dimensionsliving in a magnetic eld,

X 1
om Pii

¢,
H = A(Xi) (2.8)
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and try to solve ScrAdinger's equation. As you probably have noticed, we
neglectedinteractions betweenelectrons. As you will seethis approac will be
fruitful for a classof quantum Hall e®ects,namely the integer quantum Hall
e®ects,but we have thrown away to much to understand the Hall e®ectfor
fractional Tling.

While the particles are non-interacting, the operators p; en x; commute
for di®eren i, hencewe can assumethat the wave function is a product of
single particle wave functions. The assumption of non-interacting electrons
thus reducesthe problem to a one particle problem. We will now drop the
particle label, i, from the operators for clarity. The magnetic eld is pointed
perpendicular to the plane. A gauge eld con guration consistert with this
condition is, (0;j Bx; 0). Inserting this in the one particle Hamiltonian yields,
¢,

1 i
H= o b+ pyi Bx (2.9)

3

The operator py commutes with this Hamiltonian, sowe immediately know the
wave function is of the form,

Ax;y) = Yv(x): (2.10)

By plugging this ansatz in the SchrAdinger equation, we nd an equation for
v(X).
3

% p2 + iki Bx(t2 v(x) = Ev(x): (2.11)

This equation is simply the SchrAdinger equation for a harmonic oscillator with
its potential shifted by xg ~ g. We can write our Hamiltonian in terms of
creation and annihilation operators, which we de ne in the usual fashion,
H=1cAA+ - (2.12)
r_ 2 _

1 1
AW = é(xi Xo) § i 5P (2.13)

and de ne the ground state asthe state annihilated by A. In the equation for
the Hamiltonian appears,! ¢, which is the cyclotron energy FurtheHn_ore we
found it corweniertqto_make x dimensionlessby absorbing a factor = B or in

convertional units eB—N. This (inverse) length scaleis know as the magnetic
length. From the requiremert that the ground state is annihilated by A, we
‘nd a di®erertial equation which we can solve to yield the ground state wave

function. Properly normalized it reads,

H B L 3 1 2
Agp(x)= — e 2(xix)gky. (2.14)
Ya
Higher states are then created by applying %(Ay)n on this state. It is easyto
seethis operation yields a polynomial (P,) in front of the exponertial. If we
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multiply this new state with e* 2(i x0)? from the left (and drop someconstarts)
we yield a generating equation for this polynomial.

1y2,

Pn(x) = e (AY)el 2 = 2 (x | @)"e ? (2.15)

This equation is preciselythe generating equation for the Hermite polynomials.
The properly normalized wave functions then read,

A p_— I
i B 2
Ank(X) = ——P=

C Ay 2
P, Hm(xi xo)el 200 Xerely: (2.16)

The energy of suc states are easily determined,

HAmw = ! c(m+ %)Amk; m2 (2.17)

Note that for ead state we can still choosek freely, hencewe have degenerate
energy levels. If we assumeour spaceis nite, for de niteness we choose a
rectangle of dimensionsLy £ Ly, the number of states in a level is nite and
can be calculated. First of all the eigervalues of p, are quartized, k = E—ly/“n.
For the center of the wave functions (xg) (2.16) to lay on the disk, we have to
impose0 < Xg < Ly. This constrains n to the domain 0 < n < Iéleily/‘l- Hence

the maximum number of statesin a Landau level is Exz'ély/‘l.

We have now solved the one-patrticle problem, we know all statesand their
quantum numbers. Let us now go back to the original many-body problem.
We already concluded that the wave function is the product of one-particle
wave functions, but one more esseftial ingredient is neededto write down the
total wave function. This ingredient is the fact that electrons are fermions.
Fermions obey the Pauli-principle, that meansthat their wave function hasto
be anti-symmetric. Now we can write down the total wave function, which is
the product of one-particle wave functions, but anti-symmetrized in the particle
coordinates.

2.3.1 Impurities

We have a wave function, that is ne, but where is the quantum Hall e®ect?
The clue to understand the quantum Hall e®ectis the nite number of states
in a Landau level and the fact that a quantum Hall sampleis never perfect; it
has impurities.

In the previous section we argued that the many-body wave function is a
total anti-symmetrized function of the one-particle states. This obviously means
that we need as many one-particle states as we have particles in our system.
So we can only accommalate a nite number of particles in a Landau Level.
It is now usefulto de ne a quartity that measuresthe number of lled landau
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levels, the Tling fraction. Henceit is de ned asthe number of electronsin the
sampledivided by the number of statesin a Landau level,

2Yne
B

If we start lling the integer quantum Hall system with electrons, we can ac-
commadate all electrons for 'free’, since all statesin a Landau level have the
sameenergy When a Landau level is completely ‘Tled, in other wordsthe Tling

fraction becomesan integer, we have a new situation. The rst state available
has considerablehigher energy this meansthat the Fermi energylays in a big
gap. In this situation scattering becomesmpossibleand we are allowed to send
¢ toinnityin (2.5).

(o]

: (2.18)

It seemghat we now have captured someof the featuresof the quantum Hall
e®ect,but it is not yet complete. First of all the argumerts in last paragraph
hinge on a single electron. If we add one more electron the Fermi level does
not lay in a gap anymore and our argumerts are no longer valid. We should
thus only seethe o®-diagonalconductancewhen we have the systemtuned up
to one electron. In a system of approximately 10°° electronsthat is of course
an absurd assumption. A secondthing is that we have no explanation for the
plateaus yet. These both things are very closerelated. To understand these
matters we have to include impurities into our model. A real condensedmatter
system always has dislocations, foreign atoms and such. These imperfections
can be modeled by adding a disorder potential to the Hamiltonian.

The e®ectof adding theseimpurities to the landau level systemis that the
nature of the states gets changed, but their number stays the same. We will
not shaw this here, becausethese are actually complicated matters. We will
only usethe well known results. After adding the impurities, we can divide
the states in two groups; localized and extended states. Localized states are
basically electronsthat are bound to an impurity. Their energyis shifted from
the value found from the 'clean’ Hamiltonian. These states are localized in
spaceand do not contribute to a current °owing through the system. The
secondclassof states are the extended states. These states are like the states
we found in the previous system. They extend all over the sampleand support
a net current. Becausethey stay clear of impurities, their energyis practically
unshifted from the value found for the clean system.

We now have a di®erert density of states. It is changed from peakswith
in nitesimal width at the Landau energiesto a smooth peak (see gure 2.3.1).
In the middle of the peak we nd the extended states, their energy was least
e®ectedby the impurities, around them we nd the the localized states. The
argumerts above are changed by these new states. Let us reexamine these
argumerts, starting with a systemwith integer lling fraction. The Fermi level
is again half way two landau energies.If we now changethe occupation number
we change only the occupation number of localized states. Since these states
do not cortribute to the current, the conductivity stays the same. The Fermi
level now doesnot lay in a energygap, aswasthe casein the argumerts above,
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Figure 2.3: Density of states for a samplewith and without impurities.

but we have a similar e®ect. For this reasonthe Fermi level is said to lay in a
mobility gap. Only when we the number of occupied extended states changes,
the Hall conductancecanincrease. This happenswhenthe Fermi energycrosses
a Landau energy Hencewe seeat half-integer lling fraction a suddenjump in

the Hall conductance;we take a step to the next plateau.

With the results obtained from our quantum medanical model and these
considerationsinvolving impurities we can now sketch gure 2.2. It seemsthat
we have a pretty good idea of what is going on in the integer quantum Hall
e®ect.

2.3.2 Field theory for non-in teracting electrons

It may seema little overdoneto construct a eld theory for non-interacting
electrons. We already understood the quantum Hall e®ectquite well in terms
of ordinary many-body quantum medanics, but it canbe instructiv e and, more
importantly, we needa few results later on.

As stated above we can understand the integer quantum Hall e®ectin terms
of non-relativistic, spin polarized and non-interacting electronsin a bacground
magnetic eld. This de nes our Lagrangian as,

O T T -V
L = iAYDoA | %'DiA YDA (2.19)
D. = @+ ie A:: (2.20)

In these equations A is a complex fermion “eld and A: is the badkground
electromagnetic eld, which is thus non-dynamical. We choosethe samegauge
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as in the previous section, in particular Ag = 0. We can nd the canonical
conjugateto the “eld A and with that result the Hamiltonian belongingto this
problem,

+ <
T = iAY:
, ak - A (2.21)
H= X A L= —'D,ADA: (2.22)
- @A ' " 2m ! o '

We now want to nd the complete set of eigenfunctions of this Hamiltonian,

which we know exists, sincethis is a Hermitian operator. Of coursethis resem-

bles the Hamiltonian studied in section 2.3 a lot and we are nished quickly.

The functions we seekare the landau wave functions (2.16). With this we can
expand the "eld A in this complete set,
Z X

Ax)=  dk  An(X)am: (2.23)

m

Although we assumea nite sample size, which meansthat the momertum
quantum number forms a discrete set, we assumethat the sizeis big enoughto
approximate the sum by a integral.

We can now quantize our theory by turning our elds into operators in a
Hilb ert spaceand requiring equal time anti-commutation relations between A
and iAY,

a

O, ~
A By) = #(x i y); (2.242)
Ax)Al) = AX);Ay) =0 (2.24b)

This relation has consequence$or the anx we de ned in (2.23). These coet-
cients are now also operators and to be consistert with the anti-commutation
relation betweenA and AY, they have to satisfy the following relations,
© a
© Ak agnoko = fmm OikkaO; (2.25a)
amk;amxo = &, ;&0 = 0 (2.25Db)

As is usual with fermions, we can interpret these equations such, that for eat
elemert in fkmg we have a state we can create with &/, and annihilate with

a,- The state that is annihilated by all a's is j Oi, the ground state.

If we substitute the expressionfor A in terms of a in the Hamiltonian (2.22)
and use the anti-commutation relation we nd a particularly simple form for
the Hamiltonian in terms of the operators a,

Z X
H= dk l,a, a

mk

(2.26)

mk;
m

Where ! ,, is the energy eigervalue of the landau wave function. Time ewvo-
lution of the operator ank is found by evaluating the commutator with the
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Hamiltonian,
£ ol X £ a
@amk =i Hja,, =i !'mala.;an
Mo . (2.27)
= A A8k | Bk Bmk B = 01! mAg:

For @ we nd +i! na’, . The spectrum of excitations is consistert with the
previous section. It consistsof seriesof stateswith the sameenergy the landau
levels.

From equation (2.27) we can solve the time dependenceof operators a an
a¥, which we now de ne to be the t = 0 versionsof time-dependert operators,

a. (t)=a,@0}¢"m; (2.28a)
a (1) =a, (e m: (2.28b)

We can usetheseoperators to de ne time dependert “elds by substituting the
time dependert instead of the time independert operators in equation (2.23).

Now we can calculate somecorrelation functions. We are mainly interested
in the propagator, which we will needlater on.

G(x;y) = hBgj T A(x)A¥(y)j Bgi (2.29)

Before we cortinue we rst have to de ne some more boundary conditions.
To be precise we have to de ne our badkground jBgi. In a non-relativistic
theory the particle number is consened, hencewe have to de ne the number
of particles in the ground state.

For generalparticle number a lot of con gurations will be equivalert, since
the spectrum consist of degenerateenergylevels. We will choosea badkground
that lls exactly p levels. This "xes the number of equivalent statesto exactly
one,

x Z
jBgi = N dk amkj Oi; (2.30)

m- p

The N is just a constart that normalizesthis state to 1. With this choice for
the badkground we can calculate the propagator in (2.29),

G(x;y) = thjA(ﬁOAy(%)u(in yo) i AY(Y)A(X)U(Yoi Xo)jBgi
X X _
- dk dgAmc (x)Aig(y)el 1 ot )
mon i
£ W(Xoi Yo)hBgja,, alqiBgii Wyoi xo)hBgjal,a,,jBgi :

(2.31)

In the rst bracket all term an,c with n - p vanish, becausethe creation op-
erators work on already Iled states which meansthey annihilate them. In
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the secondbracket an analogousreasoningshows only terms with n > p sur-
vive. We now exchangethe operators in the brackets, at the cost of yielding an
anti-commutator. The brackets with operators betweenthem again vanish. By
making use of equations (2.28) and (2.30) we then nally nd
x x £ Z .
G(xy) = dk daAm (X) AL ()2 (k i g)el (ot foe)
Mh " [
£ u(Zin You(Pi m)i HYoi Xo)u(mi p)
X o
= dk Ak (X)Any (y) € " 0¥ (xg i yo)
m- p 7
i dk Ak (X) ATy (y) € " ™ 0T Yo (yg i xo):

m>p

(2.32)

This expressionfor the propagator for non-interacting electronswill be impor-
tant later on.

2.4 Fractional quantum Hall e®ect

We now understand the quantum Hall e®ectfor integer Tling fraction, but the
fractional quantum Hall e®ectis still a mystery. For fractional Tling fraction
the Fermi does not lay in a energy gap. To state it even stronger, for every
electronwe have  states available within the lowest Landau level. We can nd
no reasonto send¢, to in nit y, henceno quantum Hall e®ect.

To get us out of this problem we have to add interactions betweenelectrons.
This complicates solving the quantum medanical problem a great deal. If we
want to proceedin a standard manner, we would usethe integer quantum Hall
e®ectas a free theory and include the interactions as a perturbation. This
approach requiresus to rst diagonalize ead degeneratesubspace but in this
casethat is an immensetask by it self.

Becauseof this complication, physicists turned to other methods. The rst
result was the wave function found by Laughlin by the method of ‘'intelligent
guessing'. His wave function is a very good approximation for the states with
Ting fraction 51—, with m a integer. Wave functions determined with nu-
merical simulations of a small number of particles show a fantastic overlap with
Laughlin's wave function. If the coordinates of two particles are exchangedin
this wave function, one yields a factor €@™*1* which is equalto j 1. This
is the correct value for fermions, but the factor 2m + 1 is a little out of the
ordinary, a 1 would be enough. This started peoplethinking. If one exchanges
two electronsit looks asif oneactually circlesaround an electron and 2m units
of °ux.

This thought started a whole seriesof investigations to '“ux attachment'.
This idea (by Jain [19]) goes as follows. If one assumesthat ead electron
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binds 2s units of magnetic eld, these objects live in a smaller magnetic eld
B= B 2¥2s. If then for somereasonthese new objects are 'free’, they can
exhibit an integer quantum Hall e®ectby themselesin the reduced magnetic
“eld. Whenthey 1 p of their e®ectie landau levels, the Tling fraction for the
real electronsis actually

P .
2sp+ 1

(2.33)

Theseargumerts can give a hint to why the statesat lling fractions 2spL+1 the
so-calledJain's series,exhibit the quantum Hall e®ect.

Another ideathat started from Laughlin's wave function, which wasactually
found before Jain's construction, involves quasiparticles. The wave function
resenblesthat of an uniform state of plasma consisting of particles with charge
o, It wasthen conjecturedthat excitations on the state described by Laughlin's
wave function were particles of fractional charge and anyon statistics. We can
use these quasiparticles to predict quantum Hall states at new fractions. If
one makes enough of these particles, these quasi-particles can form a quantum

Hall state themselves. This happensat lling fraction 2m+1% for m and p;
I 2pg

integers. We can go on and create quasiparticles on top of the uniform state
of quasiparticles of the rst kind. Thesethen can form a new uniform state,
and so. This procedureyields the so called hierarchical schemeby Haldane and
Halperin.

o = (2.34)

The ideasin this section are qualitativ e ideasthat, in someinstances,work
very well. But for a better understanding of the fractional quantum Hall e®ect,
a more careful treatment is needed. A large part of this thesis will be about
constructing a quantum “eld theory that implements the ideasabove in a more
rigorous way.



Chapter 3

Chern-Simons term in eld
theory

The ideaof °ux-attac hment asintroducedin the previouschapter is a somewhat
vague concept. In this chapter we will develop sometools that will put it on a
more solid, eld theoretical, footing. To be more precise,we will study gauge
“elds with a Chern-Simonsterm and seewhat e®ectthe coupling of such a eld

has on the statistics of non-relativistic fermions.

3.1 Fermionic Chern-Simons theory

The analysisin this chapter could just aseasilybe donewith Bose elds instead,
but since we want to apply this to a system of electrons, which are fermions,

we will use Fermé_eldsl. Let us start with the following action
2 4

T A T I e
= 3 y - . . + =2 5 ° : .
S d°x IAYDoA o DiA °DjA 4 afo 3.1)
This is the non-relativistic action in 2+1 dimensionsfor a scalar Fermi eld
coupled through the covariant derivatives

D: =@+ iga (3.2)

to a U(1) gauge eld a:. The last term of the action is the so-called Chern-
Simonskinetic term for the gauge eld, f is just the eld strength of the gauge
“eld. Under a gaugetrgnsformation the Chern-Simonsterm transforms with a
total derivative, +S=d®x @(?° - @ @a ). This meansthat if we are allowed
to drop boundary terms the Chern-Simonsaction is gaugeinvariant. The clas-
sical equations of motion following from this action are

—is—'D A+—1 DiDiA=0 3.3

% = DoA+ 5 -DiDiA= (3.39)
iS l-l210 -1

— = 5% fo =0 3.3b
ta 2 SR (3.30)
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We nd the equation for the conjugate eld by hermitian conjugation of (3.3a).
In theseequationsj’ are standard density and current operators

jo= AVA" v (3.4)
B 1 n~ . . ~ ~O
j'= o MDA D AYA - (3.5)

By using the equations (3.3a), and its conjugate, we seethat j* satis es the
cortinuity equation

@ =0 (3.6)

The equation of motion for the eld a: hasa peculiar form: it is a constraint
on the Chern-Simons eld strength. When the particle currents are given, the
“eld strength is completely determined. We now could quartize the action (3.1)
by imposing canonical anti-commutation relations betweenthe “elds A and AY,
try to quartize the gaugeeld and deal with the relation (3.3b) betweenA and
a: in the quantum theory. Instead, we like to try to solve the constraint rst
and then quartize. This will illuminate the e®ectthe gauge eld has on the
matter eld.

3.2 Pure gauge

In this sectionwe will seethat the gauge eld a:, obeyingits classicalequations
of motion, is a pure, all be it singular, gauge. The time componert of (3.3b) is

gl/zz 2l @a * | b: 3.7)
If we choosethe Coulomb-gauge
@a; = 0, (3.8)
we can invert (3.7) yielding for a;
z
At =i gy Inixi yiP @AY ); (3.9)

where %AInjxi yj is the Greensfunction for the Laplacian in 2D. We canrewrite
equation (3.9) to show that it is a gradiert,
z

_. 4 2., 2ii Y g
a = j % dy 2! @ Injx i yjUAy)
S RS 3.10
-G 2 AL -
2 dy ang(x i y)A&y);

where we intro duced the multi-v alued function ang(x i y) which givesthe az-
imuthal angleof x with respectto y. Sinceang(x Y) is a multi-v alued function,
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we have to make a branch cut if we want to integrate it. The branch cut will
generally be a function of x, which meansthat the limits of the integral will
depend on x too. In that casemoving the gradient out of the integral will gen-
erate extra terms and a; is not a gradient. Fortunately, if the particle density is
a sum of £-functions, which is very natural for non-relativistic particles, we do
not get any boundary terms and so(3.10) is valid. From the spacecomponerts

Figure 3.1: ang(x i Y) is the azimuthal angle of x with respect to y. Note that
ang(x i y)i anglyi X) = Y

of (3.3b) we nd

g = ai
' ¢
- @ @i @a (3.11)
= @@ao;
which we can invert in the same manner as above. By using the continuity
equation (3.6) we can write it astime derivative.

z

_. 9 i
=i 74,9 d’y ang(x i y)i'(y)
_. 9 2 . C
" T, d’y ang(x i y)@j’ (y) (3.12)
_ 2 )L
@ Fyangxi v)Ay)

Combining the equations (3.10) and (3.12) we seethat a' is a space-timegra-
dient and soindeed a pure gauge

z

= i 2 H 1
a = 5@ dyangxi y)4y) 013)

i @u:
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This meansthat we can remove the gauge eld all together by the following
gaugetransformation.

Al K=¢ 94

AVl R = Aveae (3.14)

a! a+ @
Sincethe gauge eld now vanishes,the covariant derivativesreduceto normal
ones and we obtain the action of a free eld A. But there is a catch. If
we quartize the theory these new elds do no longer obey the normal anti-

commutation relations. This is the casebecausex corntains the density operator
(3.4) and thus doesnot commute with the “eld A,

Z
By anCe 4 g A ER Y B (VA ()
Ae(y) =i g dzandyi 2) A A @AR)
Z u- a aﬂ
=i 0 @randyi 2 ANIRE@) AR A@) AK)AR)
2V ~ (3.15)
=iy Pzandyi 2uxi 2AR)

_. 49 . x
= %anQ(YI X)A(X)

Here we used canonical anti-commutation relations for the "elds A and AY.
From (3.15) follows directly

A(x)el 1920 = @i a2V gl* angyi X) }(x); (3.16)

where we introduced® = %. All this meansthat under exchangethe “elds A
and AY behave as follows.

AOOA(Y) = & "0AG0E IAY)

|
&1 S o ey NA(y) A

[
i gl 4 200+ECy) ¢ angzt(yi X) A(y)e9°(®) K(x)
[

=

=€ ang(yi x)i ang(xi y) ,&(y)k(x)

(3.17)

A relation for ARY cgn be found in a completely analogous manner. Since
ang(yij X)i ang(Xj y) = Y(see gure 3.1)we have found anyonic commutation
relations.

A)AY(y) = eCDYRY(y)A(x) + £(X i y) (3.18)

A)A(y) = €€V A(y)Ax) (3.19)

We seethat the new “eld A doesnot acquire a factor il= e under exchange,
as the original "eld did, but a generalphasefactor €+ ¥ This meansthat

by adding the Chern-Simonsterm to the action we changedthe statistics of
the matter elds from fermionic to anyonic. For © = 1 we have turned the
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fermions into a particle with boson statistics, but these particles di®er from
normal bosons. They inherit from the fermions the fact that no two particles
can be on the samepoint in space-time.

Another way of looking at it, is by observingthat the gaugetransformation
(3.14) is not regular. We seethat the magnetic eld, which is supposedto be
gaugeinvariant, receivesa cortribution

7 @@ga(x)

. i . - 9.
g VY @anaxi V)uy) = i x):

h(X)
(3.20)

Since the density j °(x) is a sum of delta-functions the magnetic “eld receives
singular cortributions at the location of ead particle. What happenedis that
the gauge transformation attached an in nitely thin solenoid with °ux ﬁ to
ead particle. This has no implications for the forcesacting on the particles,
becausethese points are not part of the con guration space;particles can not
sit on top of eac other. The only way this magnetic- eld is obsened is by
the Aharonov-Bohm e®ect. When we transport one of these particle around

)
another we get a phasefactor ér, thus the particles have statistics © =

2
which agreeswith (3.18).

3.3 Vortices

A nice feature of Chern-Simonstheory is the existenceof solutions to the classi-
cal equationsof motion other than the trivial one,the so-calledsoliton solutions.
These solutions play a fairly big role in the construction of Wen and Zee for
the fractional quantum Hall e®ect. When Laughlin rst wrote down his famous
wave function, he noticed the resenblance to a plasma of particles with frac-
tional statistics. He predicted the existenceof excitations on this plasma with
fractional charge and anyon statistics. These so-called quasi-particles are by
someauthors identi ed with the vortex solutions we are going to study in this
section. We will study solitons in a theory of interacting anyonsin an external
perpendicular magnetic eld. This will be the relevant casefor the fractional
qguantum Hall e®ect. In contrast to what we did in the previous section, we
will work with a Bose™eld, A, instead of the Fermi “eld, A. This will simplies
the argumerts used and make better contact with the theory of Wen and Zee
preseried in chapter 5.

We thus replace A with A in (3.1), add an interaction term and changethe

covariant derivative.
Z Ya . Ya
_ 3 .z < 1 | r¢y - * 10 )
S=  d° IAYDLA] >m DiA°’DiA+ ZZ cafo + V(JAY) (3.21)

D: = @ + iea: + ieAu:: (3.22)



28 CHAPTER 3. CHERN-SIMONS TERM IN FIELD THEORY

For de nitenesswe x the gaugefor the electromagneticgauge eld Ap = A, =

0;A4 = %r. The equation of motion for the Chern-SimonsField (3.3b) does
not changeby these additions. Equation (3.3a) does, it receivesa cortribution

of the interaction @/—(?A. These equations of motion have of coursea trivial

solution a= = 0 and A= 0. A more interesting solution is

A=Pr (3.23a)

ax = j Ak (3.23b)
_@*%.

ag = @ (3.23¢)

This corresponds to a state with uniform particle density (see also chapter
4). We can make a whole family of solutions out of this one, by applying the
gaugetransformation (3.14). This may not be the true ground state, but in
non-relativistic eld theory we need the state of lowest energy with a xed
particle number. The quantum theory will then be a theory of excitation over
this badkground. From the Lagrangian corresponding to (3.21) we can nd the
Hamiltonian by the usual Legendretransformation.
Z
H= d %(DkA)kaA+ V (jAP) (3.24)

We nd the energyof the con guration (3.23) by substituting it into the Hamil-
tonian. Not surprisingly, only the interaction energy cortributes, E = V (}A.
Besidetheseuniform solutions there exists other stable, nite energy solutions
to the classicalequations of motion, which can be thought of as excitations of
the uniform badkground. These excitations are stable becauseof a topologi-
cal consenation law (consenation of winding number as we will see). We can
formulate someconditions for the existenceof suc con gurations. The soliton
con guration is denotedwith a hat (). First of all we want it to be an excita-
tion on the badkground, hencefar away from its certer, in the limit ofr! 1,
we want it to behave as

At Prg® (3.25a)
it i o2 2O (3.25b)
&o(r; W ! @/@EZ;: (3.25c¢)

This choice assuresthat the Hamiltonian density at r = 1 vanishes. This
keeps,if the con guration consist of well behaved functions, the energy nite.
Furthermore we demand that (3.25a) is single-\alued, this constrains f (A) to
the form,

f(u+ 29 =f(W+ kv k2 : (3.26)

At innit y such a con guration is thus a map of S* to the set of badkgrounds,
which is generatedby the gaugegroup. A con guration is thus characterized by
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an elemen of the rst homotopy group of the gaugegroup ¥a(U(1)) = %(S?) =

This number is the winding number of the con guration, it denotesthe
number of times one passeghrough the gaugegroup when onefollows 'the circle
at in nit y'. It is of coursenot possibleto continuously deform an elemert of
an integer, into another one. This assuresthe stability of these con gurations.

3.3.1 Charge and Statistics

In principle onecould solve the equationsof motions (3.3) subject to the bound-
ary conditions (3.25), but that isn't necessaryfor the calculation of somebasic
quartities. By varying the action (3.21) to Ao, we ‘nd that the charge operator
is Qem = € d’x AYA. We de ne the charge of the soliton as the charge of A
minus that of the uniform badkground (3.23). With the help of equation (3.7)
we can eliminate A from the expressionfor the chargein favor of a:

y
i ¢
L B0 1 )
| i ¢ (3.27)
i — dx ¢ aj ang:

Qem

This helpsusto calculate the charge. The surfaceintegral can be evaluated at
in nit y, where we have an equation for ay (3.25b). Together with (3.26) this
yields

!
1

K24
Q=+ au @WK

duy—>= — (3.28)
@ .

We have now found, with minimal assumptions,excitations on a uniform back-

ground with fractional charge and anyon statistics. As we will seethese exci-

tations will play a big role in the theory preseried in chapter 5.
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Chapter 4

E®ectiv e bulk action by
Fradkin and Lop ez

In this chapter we will presert aquantum eld theory for the fractional quantum
Hall e®ect,which wasintro ducedin a seriesof articles by E.Fradkin and A.Lopez
[5, 4, 3, 2, 1]. The reasoningis basedon the characteristics of the fermionic
guantum “eld theory described in the previous chapter.

4.1 Mo del

The quantum Hall e®ectis an e®ectthat involves electrons on the interface
of two materials, moving in a strong magnetic eld. In cortrast to the integer
quantum Hall e®ectwhich canbedescribedin terms of non-interacting electrons
(and disorder if wewant to doiit right), the essetial ingredient for the fractional
guantum Hall e®ectis believedto be the interaction betweenelectrons. Wethus
start with the action of a systemof interacting non-relativistic fermions coupled
to an electromagnetic eld in 2+1 dimensions.

z % Y
S= dz A@IiDo+ L1A@Z) i Zi(DiA(Z))y(DiA(Z))
z  z m

P ¢ - ¢
Lwr @A BV OADOR % @)

b2
The rst line cortains the kinetic terms of the fermion elds and the coupling
to the electromagnetic gauge potential by meansof the covariant derivatives.

We take the electromagnetic eld asan external eld without any dynamics. It
obeysthe conditions for the experimental setup in the sensethat

B
E

(@A%i @AYe, 4.2)
@AirAg=0: (4.3)
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In the action above %zis a neutralizing badkground, so the secondline of (4.1)

is an repulsive pair interaction between density °uctuations of the fermion

“eld. We will take for this interaction the instantaneous Coulomb potential,

V(zi 29 = jz%qi(ZO i z9). This action confrorts us with a complicated prob-

lem. We could try to do a perturbation seriesin A, and seethe rst line asour

‘free’ theory. This is the theory we studied in section 2.3.2. One of the results
wasthat for lling fractions wherewe hopeto nd the fractional Hall e®ectwe
have an immensedegeneracy For a state with Iling fraction % for example we
have, within the lowestlandau level, three times the number of energystatesas
we have electrons. Before we can contin ue we have to diagonalizethe subspace
of degeneratestates by hand rst, but this is a hopelesse®ort. We will now
try to take advantage of what we have learnedin chapter 3, to circumvert this

problem. As we sawv in chapter 3 we can changethe statistics of the fermion

“elds by coupling them to a secondU(1) gauge eld (a:) whosekinetic term is
a so called Chern-Simonsterm.

D:! @+ ieA: +ia:; (4.4)
S!S+ Scs; (4.5)
Scs = 5 d3z 2 alfo’ (4.6)

Now if we chooseﬁ even (2s), we have not changedthe statistics at all; the
“elds still obey fermion statistics. Sincethe only e®ectof adding the Chern-
Simons elds was changing the statistics, the theory described by the action
Sk + Scs (with appropriate ) is the sameas a theory described by Sx alone.
We can now study a family of actions and learn something about our original
theory.

4.2 Series expansion

The introduction of the Chern-Simons eld enablesus to expand the parti-
tion function around a di®erent saddle point. This helps us to identity an
appropriate starting point for the seriesexpansionof the partition function in
perturbation theory. In this section we will shaowv that in rst approximation
the partition function of the system described above

Z

Z = DADADaexp(iS[a;A]) (4.7)

yields incompressiblestates at Jain's seriesfor the fractional quantum Hall ef-
fect. As it standsthis partition function includesintegration over gaugeequiv-
alert con gurations. Although it is not explicity shawvn, we will "X a gauge
when necessary

In experimerts the systemis probed with electromagnetic elds (a voltage
is applied for example). That's why we introduce a °uctuation (A:) on the
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electromagnetic eld, with zeroaverage,which we will useto nd the response
of the systemto such perturbations. The meanelectromagnetic eld, which is of
coursevery important for the structure of the e®ectiwe action we will "nd, will

not be very visible in the formalism, becauseit is a non-dynamical badkground.

The excitations, which the fermion degreesof freedom represern, are, as
we will see,gapped. Furthermore we assumethat the excitations created by
the electromagnetic probe have a smaller energy scalethan then the fermion
excitations, hencewe want to integrate out the fermion degreesof freedom. The
integration of the fermion “eld is complicated by the interaction term, which is
fourth order in the "elds. We solve this by introducing a new Bose eld.

o i &z " BOLA@PR AV @ DO[ARP Y =
z R R R
Del 2. @IA@PI %+ 2 @2 @Vit@i 9.2 (4g)

The quadratic term in A now has a factor , | ag. We then shift ag ! ag+ ,
to remove the coupling between, and jAj2. Becauseay is also presert in the
Chern-Simonsterm the term linear in , receivesa contribution, which now is
i (Mb+ %3, . It is now trivial to integrate out the eld , to yield the following
action.

Z Y &7
S= &z A@IDo+ AD I o-(DiAR)!(DIAR)
z z h i h i
5 @z B0 Wb) i B)+ % V(i 2) WHE) i B(2) + %
Z
+g #z2° - (aj A @i A) (4.9)

Note that we have we shifted a: again, this to remove the probe ( A:) from the
covariant derivatives and into the Chern-Simonsand interaction terms. This
simpli es the dependenceof our nal e®ectiwe action on A:. We now shift the
Chern-Simons'eld, a« ! a + a:, and expand the partition function in terms
of quantum °uctuations a: around the classicalcon guration a:.

4 Ya 4

S +
Z[la]= DA°DA 1+i dxa (x) >
5 Z4an (X) 4

+5 dxdy & (x) & (y)

S S
22 (x) 220 (Y) 4

iZ—S: i } dxdy a: (x) a (y)
tau (X)+ao (y;/45 2

+ o exp(iS[a))
(4.10)

We now integrate out the fermion elds yielding expectation values (which we
will denote with h::i) in a theory of fermions moving in an e®ective magnetic
“eld, B= B + h. If we now write the seriesthat we obtained as an exponertial
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we nd an e®ecti\e action as a seriesin the eld a:.

Z D,gE
Seff = dx a: E
Z -
1 0. oD s E DygigE DugED,GE
+ =~ dxdx"a as i —— i = —
2 +au +af +a. +af tan  #al

+0(a%) + Scs(@i A)+ S (@i A) (4.11)

By demandingthat the action is stationary under small °uctuations,

D,s”E
— =0 (4.12)
o
we obtain the classicalequations of motion,
h%x)i = i b . (4.13a)
i = Sei 1@ dyV(xi ) i % (4.13b)

As described above the averagesare just expectation values for a system of
non-interacting fermionsin a magnetic eld. But suc systemswe can handle;
theseare preciselythe systemsstudied in section2.3. We know that there exists
uniform density and currentless ground states for such systems. If we assume
that the fermionsform sud a ground state, the equations(4.13) are solved with

ol
I

(4.14)
0: (4.15)

7
'

(¢
1

This de nes the classicalcon guration upon which we build our quantum the-
ory. Our theory is thus a theory of excitations on a state with uniform fermion
density living in a magnetic eld that is the sum of the external eld and the
Chern-Simons eld. We know of coursethat sud a state is characterized by
Landau levels (see2.3) and that for certain valuesof the magnetic eld, when
a Landau-lewel is precisely lled, there exist incompressible states. In other
words, if the Tling fraction of these e®ective Landau-levels, ©° = lefyg, is an
integer (p), we will have a quantum Hall e®ect. In this casethe true lling
fraction is not an integer, but a fraction,

o 1 P

1 - ;
WJ’% 2sp+ 1

p;s2 (4.16)

This is precisely Jain's series(see(2.33)). The introduction of the gauge eld
hasenabledusto nd a mapping from a systemof interacting fermionsliving in
magnetic eld B to a system of non-interacting (composite) fermions living in
a magnetic eld B, analogousto the argumerts given by Jain (seesection 2.4).
This is a theory we can work with, aswe will make clear in the coming sections.
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4.3 Electromagnetic Response

The low energy e®ectiwe action in the mean eld approximation, this meanswe
throw away all quantum °uctuations, is very simple.
z

SwEe[A] = ?z2° & @A (4.17)

2544

Although it already predicts fractions where there is a quantum Hall e®ect
possible,it is actually a little bit too simple to get a good prediction for the
electromagneticresponse. If we want to know how the systembehaveswhen we
probe the systemwith an electromagnetic eld, we needto take the functional
derivative to A. We then nd the current, which is induced by the probe,

1 +L 1 10

— = - 2

J =R
EM © 4x 252

C @A (4.18)

A special caseof this equation is the situation that we turn on an electric eld
Ex = @Ak i @Ao. We will induce a current in the perpendicular direction,

Jm = 25121/42'”“ E'. Comparing this with our previous expression(2.7) of the Hall

current we nd a Hall conductanceof,

1 73
Yy = = _:
Vi 27 T (4.19)

This is clearly not correct. From general considerations (seesection 2.2.1) we
know that a uniform °uid with Tling fraction © must exhibit a Hall conduction
of %4. This problem disappearswhen we include quantum °uctuations over the
ground state in our analysis. This is the secondintegral in equation (4.11).
The S in this term is still the total action. Becausethe Chern-Simonsand
interaction actions are independert of A, the averaging over A is trivial and
we recover Siy; [a] and Scs[a] The terms coming from Sz will give us some
more trouble. The secondand third term under the integral form together the

connectedpart of the current-current correlator, hfas :f i, which we will denote
as| w,
1 00 =IG(X; Y)G(y; X) (4.20a)
© a
o =% G(x; y)DG(y;x) i G(y;x)DMYG(x y) (4.20b)
1€ () (x)y ¢
1 jo= >m G(y;x)D;G(xy) i G(x;y)D;"’G(y; ) (4.20c)

|
i = —i(X i V)& G(Xy)
i D(X’G(x y)DYG(y:x) i D(X”G(y x)DG(x; y)

¥ 4sz(y )DPDIYG(xy) + DD 6(y; 06X V):
(4.20d)



36CHAPTER 4. EFFECTIVE BULK ACTION BY FRADKIN AND LOPEZ

In this equation we denotedthe propagator, hA(x)AY(y)i¢, asG(x; y). As stated
before, this is the propagator of a fermion eld living in an background magnetic
“eld, B. We calculated this propagator in section 2.3. It was given by,

z

X N
G(xy)= dk e oiYOAL )AL (y) (X0 i Yo) +
m>p 7

X : ; .
dk el "t ol YO AL ()AL (Y) (Yo i Xo): (4.21)

m<p

We implicitly useda gaugewhere A = (0; B x»; 0), hencethe wave functions are
labeled by a momertum k and landau level m. As explained in section 2.3 the
domains for the sumsand integrals are determined by boundary conditions for
the badkground. In this casewe have p completely lled landau levels, hence
the sumsbegin respectively endsat p and the integrals are over all possiblek.

With this expressionfor G(x;y) we can do the actual computation of the
tensor | © . This computation will take somework, for which | will happily
refer you to [1]. For the goalswe are pursuing here, we will only needthe terms
that dominate in the low energyregime. To this end we will make our second
approximation. We will Fourier transform | and keep only the terms up to
“rst order in momertum.

The only terms that survive are,

p 10 1 10
L= —a? -@a + ——(aj A2 -@(aj A) : 4.22
7y @a + oelai At - @@i A), (4.22)
We then integrate out the last dynamical degreesof freedomto obtain a func-
tional of A. This can be done quite easily by rst shifting a: sudc that we

‘complete the square'.

3

@'

= + 2%, + . L (2 A2
L= 5o, @5+ Da” - @a + (R@ 5 L C@Y | AF @A
2sp+1_ . p 1 10
=Pl @a + 2 A2 @A
254Ys @2 + Sep+ 14 @A

(4.23)

The Gaussianintegral in a can be doneand is now only a constart. The result-
ing term has the correct form (4.17), but now also with the correct constart

P ich i o
ssprT Which is equalto °.



Chapter 5

E®ectiv e bulk action by Wen
and Zee

Wen and Zeederived another low-energye®ective action. Their rst theory was
built for the Jain-series[32], later they generalizedit to a theory for general
Abelian fractional quantum Hall states [33, 27]. They start the derivation of
their theory for the Jain-seriesin a very similar way as Fradkin and Lopez (see
chapter 4), sol will be brief.

5.1 Jain series

Wen and Zee, naturally, start with the same microscopic Lagrangian (4.1) as
did Fradkin & Lopez. They then "attach 2s units of °ux’ by performing a °ux
attachment transformation. In other words, they add a Chern-Simonsterm to
the Lagrangian and couple the matter elds to the Chern-Simonsgauge eld.
The result is again a system of fermions (the even number of °ux induce a
Aharonov-Bohm phaseof €275 = 1) in a magnetic eld.

In a mean eld sensethese new objects experience an e®ective magnetic
“eld

B=Bj 2¥sne (5.1)

which is smaller as before. For integer e®ectie Tling fraction (°¢fs = p) these
objects exhibit an integer quantum Hall e®ect. One then arguesthat in the
low energylimit transitions betweenLandau levels do not occur, hencewe can
treat the landau levels as independert. For eat one of the Landau levels we
then introduce a non relativistic fermion eld, with massm and a short range
interaction, V, between particles in the samelLandau level. All the new elds
have their statistics changedto Bose by introduction of p more U(1) gauge

37
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“elds. This all addsup to the following action

X o £ o
L= Ai @i i(®+aoi Ao A
1=1
1€ o £ o,
i o @HI@+aii A)A @i I@&+aii A) A
. 1 0
i V(A|yAI)+ 4—1/42’ a, @ao + 2s
Note that the eld A appearingin this equation is a small perturbation on the
electromagneticgauge eld that producesthe magnetic eld. The magnetic eld
is implicitly contained in the coupling constart. Now we notice that we have p
copiesof the bosontheory described in chapter 3.3. In ead of those copieswe
can have gapful vortex excitations and gaplessNambu-Goldstone excitations,
The Nambu-Goldstone mode can also be described by a masslessgauge
“eld, which is related to the original "eld ~ by the relation @ = 2. @c .
Thus c: is the dual "eld of “. In this dual represenation the vortex excitation
is just a charged particle. This is the big advantage of this 'dual picture’,
the complicated vortex excitations in the original theory is now just a simple
chargedpoint particle. In the dual picture the Lagrangian reducesto Maxwell's
for the "eld a: coupledto a particle current an the original gauge elds. The
duality transformation hasthe form,

10

2" ® @® (5.2)

yE e 1E o £ B v A
Al @i iAo Aj o @+ A N @i A Aj V(AVA
1 + 3210 N @A ¢_

44 2
This duality transformation is more thoroughly discussedin reference[7]. For
ead of the complex scalar elds in (5.2) we apply this transformation. In the
result we drop the maxwell terms corntaining the new gauge elds. Theseterms
have one more derivative than the Chern-Simonsterms, hence they are not
important in the low-energy limit.

: (5.3)
! flg+ o

L_Xnn£|®+a.A) ¢210,@C +i210:a @a +C .10
_|:1 A I 1 A |1 I, 1]
1
+
4y2s
We now integrate out rst the elds a; and then ® (seeaheadin section5.3),
this yields the "nal form of low energy e®ectie action.

. a@® (5.4)

L= L X r]21®- A). 2 @c +2°:c:@q + 0y L g ® @®
= 4—1/4| i )1 C|, C1 C|’ C|1JI m A
1 X n 10 10 10 X .10
:4—1/ i 20:2 C@A +2 :0:@c + 287 @ Cy, +Cj,
4
| J
1 X n 10 i.l 10 ¢O
= W Kig2 »c:@cy +¢: j j 2 @A,
I

J
(5.5)
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This Lagrangian hasthe form of seweral gauge elds coupledto ead other and
the external Electromagnetic gauge eld. Just as we did with the low energy
e®ective action derived by Fradkin and Lopezwe can determine the Hall current
and identify the Tling fraction (seesection 4.3). We than rst integrate out
the last dynamical degreesof freedomto yield a functional of A alone,

X
L= K2 A@A: (5.6)
1J

If we comparethis with equation (4.17), we seethat itl;nas the sameform, and
we can concludethat we have a Hall conductanceof | ; K/} = 2spL+1 This
is of coursewhat we hoped for.

5.2 Still more gauge elds

Having studied the Lagrangian in (5.5), one could wonder if there are more
generalK which describe incompressible®uids. A rst generalizationis to add,
in the stepsleading to (5.2), instead of 1, k; (odd) °ux to make bosonsout of
fermions. This changesthe matrix K in equation (5.5) to,

1
p+ki p  ¢o¢

Ki=8 P ptk X: (5.7)

Furthermore we can imagine that elds in the di®erert landau levels are di®er-
ently chargedunder A:, for example becauseshort distance physics might bind
two electronstogether. But alsoto be more generalwe replacethe last term in
(5.5) by,

2% . tic @A ; (5.8)
wheret, is thus a vector containing the charges.

We can go even further, one can imagine that if one has a number of in-
compressible®uids, one can always combine them to yield another one. The
reasoningis asfollows. Such a Lagrangian should consistof a number of Chern-
Simons terms all are characterized by a square matrix of which we know it
describesan incompressible°uid by itself. As a physical input we assumethat
the gauge elds ultimately interact via the electromagnetic eld, so the only
coupling betweenthe gauge elds from di®eren °uids should be a function of
the total current. Sincewe are only interestedin the low energye®ective action,
we take only that term that dominatesin that limit, the Chern-Simonsterm.
This all comesdown to the following Lagrangian,

X X X
L=" IkD@®+p  (Od@ (1, (5.9)
slJ sl rd
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where we temporarily dropped the space-time indices to clear up the nota-
tion. The indices between parerthesesdenote the original Lagrangians. This
Lagrangian consists of Chern-Simonsterms only, henceis again a topological
theory.

It is conveniert to changethe notation to let | now run over all gauge elds,
asin rst the "elds in |1, then I, and soon. The vector t; now consistsof all
t(S) on top of ea other. In this notation the Lagrangian has again the form
of a matrix version of the Chern-Simonsterm asin the rst term of(5.5), but
now with a matrix,

0 KO 0 ¢¢¢1 0 tWt@® W@ ¢¢¢1
K,y = %) 0 K®@ g + p% t@t@® @@ g; (5.10)

wherethe K 's are matrices and the t's are vectorsand the index labelsthe °uids
we are conbining. We would want to do somecheds on these Lagrangian. For
exampleif they corntain excitations with the quantum numbers of an electron,
but rst we will have to learn how to extract thesequantum numbersfrom the
Lagrangian.

5.3 K-matrices

In this sectionwe are goingto study someproperties of the matrix versionof the
Chern-SimonsLagrangian, for (almost) generalK ;t. We also add quasiparticle
currents in all gauge elds.

L—lXK 21°,|@I0+ext21°,A@|.x|-1I. 5.11
—47/4”0 10 a @a 27/4|| la’||lja1. (5.11)
In this equation and the following Roman capitals denote indices running over
the di®erent Chern-Simonsgauge elds. From now on for these indices also,
summation over repeated indices is implied. We thus have a vector of gauge
“elds al, which are coupledto themselesand to the others via a matrix ver-
sion of the Chern-Simonsterm. The couplingsare summarizedin the symmetric
matrix K. The secondterm of (5.11) contains the coupling to a external elec-
tromagnetic gauge eld A:. that is usedto probe the system. The vector t;,
the charge vector, contains the coupling constarts. Finally the last term is the
coupling to quasi-particles (seesection 3.3), again with its vector of coupling
constarts, |;, which are the chargesunder the di®erert gauge elds. In the
partition function containing the Lagrangian (5.11) we can integrate out the

Chern-Simonsgauge elds. We do this by rst shifting the “eld a!

i oy i1l s

al ! al + Izi]/4K||021 /@ : ll||0J /zi

= al + 2vGl, 0%

e 1434 ¢
t, 02¥2% )
2110 @A, (5.12)
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to ‘complete the square'. Now we can integrate out the Chern-Simons eld and
are left with
z z

=% & d¥J (x)G! (% y)Iro(y): (5.13)

The inverse of K- @ which we call G!'° for now can most easily be
found in the Lorentz gauge @a' = 0. A Fourier expansion of the identity

K2 s @G';j = |, assumingthat G is a function of (x j y), yields
Kijo2® > ikoGlJ (K) = £ 48 (5.14)

from that follows

k"¢ ike
GRI(K) i - GU(K) = 2wy (K1 1) (5.15)

in the Lorentz gaugethe secondterm on the left hand side drops out. We now
have found the operator we were looking for.
z . .
Gl oY) = (K1 dk 2eCekta )
23, 40D
@

If we insert this result and the de nition for J into (5.13) we have an e®ective
Lagrangian as a function of the electromagnetic eld and gquasiparticles.

(5.16)
Ky

L = 1/1|(Ki 1)I|0||Oj121°,@j’

e2 A 10 H -1
+ (KT Y%A 2 @A et (KDoAt (5.17)
4Y4 ’
We can nd a few interesting identities from this equation. The rst term tells
us the exchangeproperties of the particles, seethe next sectionto seewhy that
is the case. The statistical angle of a quasiparticle is

n= 1KY (5.18)

From the secondterm, we can read o®the lling fraction of the Hall °uid. By
varying (5.17) to A. we nd precisely the Hall current, comparing with (2.7)
we nd

o=t (Ki )" %o (5.19)

From the last term, the coupling to the electromagnetic eld, we seethat a
particle with unit charge under a’ has electromagnetic charge t; (K1 1)'J. A
particle with chargesl; thus has electromagnetic charge

g=ti (KT H" (5.20)
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5.4 Linking number

In this section we will study the behavior of the rst term in (5.17) and show
what it hasto do with statistics. Note that this sectionis actually closerelated
to the argumerts made in chapter 3 leading to the obsenation that coupling
particles to a Chern-Simonsgauge eld changesthe statistics. For simplicity
we will work with the following term,

4 10
S= d3xj12 é@j,: (5.21)
Remenber that j* is a non-relativistic particle current
0= Ll w0 0): (5.22)
Irl = (t;r); (5.22b)

and, consequetly, is consened.

We assumeperiodic boundary conditions for the particles in the time di-
rection, this meansthat the world lines describe loopsin Euclidean space-time.
The argumerts below can be generalizedto generalcon gurations, but this will
complicate the notion of 'surface spannedby world line', which we needbelow,
somewhat. We will calculate the value of the action for this current. We rst
obsene that we can write equation (5.21) as a Coupling of the current to a
transversevector eld, with a simple relation to j.

Z
S=  d&j:C’ (5.23)

2%, @C =j ' (2) (5.24)
We now substitute equations (5.22) in our Lagrangian. This enablesus to

rewrite the integral of a sum of particles to a sum of integrals over the particle
world lines. integrals

X 3 dri1 )

S= dxﬁi(m ri(x)) C:(x)
i
x dtdrilC(r-) 525
| dt V! (5.25)
X |

Xm C.

Theseline-integrals can be rewritten to surfaceintegrals with useof the Stokes'
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theorem.

= _ds] (5.26)

X Z dr.l
dS: —- Hx i xj(x;t))
§j dt

iij

The integral in the last line measuresthe number of times particle i piercesthe
surface spannedby the world line of particle j. The sum over all particles is
called the linking number of the con guration. This number is obviously an
integer. It is a topological stable number, we cannot unlink a con guration

in corntinuous way simply becausewe cannot move two particles through eadh
other (seesection3.2). We now would want to seewhat happensto this number
if we swap the position of two particles at t = 1 . We should actually give a
prescription on how we 'braid' the world lines is it one over the other or the
other way around. This will di®era minus sign, but that is not important in
the example we will study now. Let us start with a con guration with linking

number O consisting of two particles. In Euclidean space-timethat meansthat

the world lines form two unlinked loops (see gure 5.1 A). Our spaceis a disk
and time is circle, together they form a lled torus. The world lines are thus
wrapped around the 'hole' in space-time If we now swap the two endpoints
we get a single loop piercing itself precisely one time (see gure 5.1 B), hence
we have a linking number 1 con guration. This is also a stable con guration,

becauseit is wrapped around the 'hole' and thus can't be cortracted. Getting

)

Figure 5.1: braiding of world lines

the hangof it we swap the endpoints again, in the samedirection asbefore. The
result this time is two linked loops (see gure 5.1 C). If we study the orientation

of the surfacesand currents we cometo the conclusionthat the two surfaces
cortribute the samesign (either + or -) and hencethis is a linking number 2
con guration. We concludethat under exchangethe term under study (5.21)
changesits valuewith 8 1. Going badk to equation (5.13), we seethat we indeed
can concludethat the partition function acquiresa phasefactor under exchange
of particles. And that the particles have a statistical angle as givenin (5.18).



44 CHAPTER 5. EFFECTIVE BULK ACTION BY WEN AND ZEE

5.5 Hierarc hical scheme

Now we have sometools to work with, we will determine what Tling fractions
we have can actually make with the prescription in section5.2. Note that we
now have left the realm of K -matrices that are valid accordingto the physical
derivation in the rst section of this chapter. We are now studying more gen-
eral Lagrangians of which we suspect they describe quantum Hall states. The
picture advocated by Wenin his later papers statesthat the e®ectiwe theory for
the spin-polarized fractional quantum Hall statesis basically the eld theoretic
version of the Hierarchical scheme.

We can interpret the prescription for combining incompressible°uids as a
recursion relation. If we have two K -matrices we can combine them and add
the result to a third one, and so on. The hierarchical states for example (see
section 2.4), can be obtained from the recursion relation by taking all charge
vectors 1 in (5.10). This reducesthe secondmatrix to the pseudo-idenity (A
matrix consistingof only 1s,with C® we meanthe 2£ 2 pseudo-idetit y). Then
onecombinesi 1with al1£ 1 matrix py + 1 with acoupling pn; 1+ 1, the result
of this is then again combined with | 1, but now with a coupling py; 2+ 1, and
soon. We than have

Y2 n © a (o}
Kig=: i 1- j1- j1- (pn+1)C?P + (py; 1+ 1)C® i (5.27)

The Tling fractions of these states are determined with formula (5.19), while
we have chosenall t; = 1 this formula reducesto the sum of all entries of the
inversematrix. It is corveniert to derive a formula for the Iling fraction in
terms of lling fractions of the constituent matrices. The Tling fraction of two
combined matrices without coupling, is of coursejust the sum of the two Tling
fractions. The Tling fraction of K + pC isn't hard to nd either (when you
recognizeC? = pC),

o

°K+pC = W: (5.28)
With this formula we nd the “lling fraction of (5.27),
1
0= - 1 ; (5.29)
PN

PN o1

|~

hel

1

which is indeed is precisely the hierarchical seriesof Iling fractions.

With help of more general matrices we can make almost any fraction we
want, but we don not know if they are consistert with what we now of a
guantum Hall system. A de ning property of a quantum Hall systemis the
fact, that it consistsof electrons. For a theory to be consistent with this picture
we want at leastto have a particle in the spectrum of excitations that hasthe
guantum numbers of the electron. We want a particle with charge 1 and with
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Fermi statistics. In the e®ective theory under study the particles in the theory
are combinations of vortices, hencewe needto nd out if there exists a such
combination, al;, that behavesas an electron.

We now choosell(") = KL, with L xed. If we usethis combination in the
equations for charge (5.20) and statistics (5.18) for the quasiparticles, we get
the following identities,

db) =1, (5.30a)
LL O

m
Ya

= K|_|_o (530b)

From these equationswe seethat if in the chargevector t| = 1 and the matrix
erntry K. = 1, we have indeed the quantum numbers of an electron (hole).

We have now found some constraints on the K -matrices that describe a
quantum Hall state, but they do not all describe a di®erert state? We can
rede ne our elds by a basistransformation. If we do so,we have to take into
accourt that the gauge elds are coupled to the vortices, hence we can take
only linear combinations with integer coexcients. This meansthat two K's are
equivalent when there exist a transformation such that,

Kig! WhyKunWas; W 2 SL(n; ); (5.31)

The formalism discussedn this chapter canbe usedto produce numerousstates
of which somewill be found in real samples. The formalism does not predict
which state will and which won't. It merely provides a classi cation of all
possiblequantum Hall statesin terms of K and t.

Work done by Frahlich et al. (seefor example [13]) is related to that of
Wen and Zee. They to provide a classi cation of quantum Hall states, but also
investigate more features of these states like for example their stability.
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Chapter 6

Edge dynamics

As becameclearin chapters 4 and 5 quantum Hall states have only excitations
that are gapped, just like insulators. It is thus somewhat strange that the
transport properties of thesestatesare sogood. The resolution to this problem
is the fact that real life quantum Hall sampleshave an edge. Some authors
believe that this edgeis responsible for transport. The quantum Hall states
may not have gaplessbulk excitations, but as we will seein this chapter they
do have gaplessexcitations located on the edge.

6.1 From Bulk to edge

Remenber that we showved (p 23) that the bulk action (more precisely the
Chern-Simonsterm) is gaugeinvariant only if we are allowed to drop boundary
terms. Of course we need our microscopic theory to be gauge invariant, it
implies charge consenation. So if we introduce an edge, something which is
always presert in real life condensedmatter systems, we will have to repair
this. If we introduce a spatial edge,which meansthat in the time-directions we
are still allowed to drop boundary terms, the unwanted term we get is,

z
5= 1 @By @E@* @a)
41/4Z :
m © . ) a
= — dx @ @y)+ ArQ@ai ©@a) 6.1)
7 :
m .
= ) dt dxe(@ari @y ):

D

If we now restrict gaugetransformations to functions &(x; t) which vanish on
the boundary, this term vanishesafter all. The only problem with this is that we
now miss a gaugedegreeof freedom and are not able to remove somedegrees
of freedom we would otherwise dismiss as pure gauges. We will study the
low energy e®ectie action for the Laughlin states obtained from (4.22) with

47
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p=1,m = 2s+ 1 and derive an e®ectie theory of edgeexcitations. We can
write the a?ion assud
m ©. . . 2

S= 4, O ¥ @aca) + a0’ (@8 i @a)i Pa@a + aJ (6.2)
We can use Stokes' theorem to write the rst term as a boundary term. We
remove this term by gauging ap to zero at the boundary. The action is now
linear in and without any derivatives of ag. This reducesag to a Lagrange
multiplier that enforcesthe constraint

2 (@ i @a) =i 3% (6.3)
Solving this for a; in the Coulomb gauge(just asin (3.7)-(3.9)) we nd that it
can be written asa total derivative, a; = @A. Where A is again a multi-v alued
scalar eld. We cannot gaugetransform the eld alongthe edgeto vanish. We
would need a gauge transformation (3.14) with @ = j A along the edge, but

we already set @ zerothere. We thus gained a degreeof freedomon the edge.
Plugging this Zsolution into the remaining terms of (6.2) leavesus with

_m 3y 20 | =i ; i
s= M i gA@@A+ @A

iz 7
m : . m - . L

= ] Lo 3 2ij iN.
) oltI ¥ @A@A| . X (@AY @QA+ @A) (6.9)
m o

= W dt du QA@A

where we usedthe fact that J* is a consened current and u is the coordinate
along the edge.

This is an action describinga Bose eld in one spacedimension. The only
problem with this action is that its Hamiltonian, which we nd in the usual
manner,

L m _ .
1/4= —F = T@A (65)
2 J_rgpAZ 4y
H= dx(¥@Ai L)= 7 dx(QA@A| @QA@A) = 0; (6.6)

is identically zero. This was not ertirely unexpected, becausethe action which
we started with is atopological action. In other words; it hasno referenceto the
metric of the manifold, hencealso its Hamiltonian is zero. This expresseghe
fact that the action is an e®ecti\e action for degreesf freedombelow the energy
gap for excitations. The only degreesof freedom left are global excitation,
intimately related to the topology of °uid, the ground state degeneracyfor
example. We know that the edge states propagate and do carry energy and
consequetly their Hamiltonian must not vanish. Somewhere along the way
we have thus thrown away this information. We have now have to give a
prescription how to repair this. In this chapter we will now follow a prescription
by Wen [31, 30] by choosing a g%ugeao + va; = 0. This changesthe action to

S= 4% dtdu(@+ v@)A@A (6.7)
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6.2 Field theory on the edge

In this section we will study the action (6.7). The space-timewe work on is
£ S, in"nite in the time direction and periodic in space. For the multi-v alued
“eld we will imposeboundary conditions,

Ax+2v) = A(x) + w2% w2 (6.8)

In the rest of this chapter it will becomeclear why we choosethese boundary
conditions. The conjugate to A for this action is obviously the sameas for the
action with vanishing v. Thus our Hamiltonian doesn't vanish anymore;

mv o
=i du@A@A: (6.9)
For the action to be bounded from below, we have to choosej mv > 0. The
action is alsoinvariant under translations, u! u+ #u, this symmetry of course
implies a consened quartit y, momertum,
z
M i @Az  dx@A@A: (6.10)
4y, +@A ’ '

which is precisely %H. Actually this action has much more symmetries, it is
invariant under Lorentz transformations (which have a peculiar form in 1+1D)
and the two dimensional conformal group. | will not go further into these
matters. The equation of motion coming from A,

(@i v@)@A= 0; (6.11)
givesus a relation between @A and @A. Using Hamilton's equation,
: £ _ © z £ P <
@A(X) =i H;AX) = 2vi dyy) Ay);AX) ; (6.12)

we nd a secondequation. This givesus the commutation relation we must use
to be in accordancewith the equation of motion (6.11),

£ B

Y00 AY) = SHXi Y) (6.133)
£, JU < B VA

AX);Aly) = %Z(Xi y) (6.13b)
£ g

00 AY) = g @Hxi Y) (6.13¢)

The commutation relations between¥:and A alsoimply commutation relations
betweenfor A with itself and ¥and itself.

In what follows we will work in units wherejvj = 1. From (6.11) we know
that Y4is a function of x, = t+ x and not of x;, = tj x. Sothe eld %
propagatesin only one direction, it is a chiral boson eld. From the boundary
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conditions (6.8) and the equation of motion (6.11) we seethat we can write the
classicalsolution to the equation of motion as,

; 1 X g 'ik(t+x)¢
A(x) = pﬁ Co+ po(t+ x)+i ?e' X (6.14)

k60
Note that the condition on %to be real classically or hermitian in the quantum
theory, yields the relation 0}1 = ¢ ¢ for the Fourier coecients in the quantum
theory. Plugging all this into the commutation relation (6.13c) we nd the

relations.
o]

£
Ck: G| Ekmg k2 . (6.15)
Co;Po = i (6.16)

We will largely ignore the secondequation, although it is clear it generates
states labeled with a 'momentum’, well know from quantum medanics. The
‘rst equation describes a in nite set of harmonic oscillators. In terms of the
operators ¢ the Hamiltonian, and thus the momertum operator, is diagonal

H=i5 C& (6.17)
k>0
wherewe de ned the Hamiltonian asthe normal ordered versionof the classical
Hamiltonian (6.9), sodropping anin nite constart. The ground state is de ned
asusual
cjO0i = 0; k2 + (6.18)
PojOi = 0

We thus have found a set of states (c; )"j 0i with a momertum equalto minus
their energy These states are not the only states in this theory. The states
generatedby the creation operators c;  are all charge neutral with respect to
the consened current,

o_ 1,6 4.

i = >, @A: (6.19)
This is the electromagnetic charge current on the edge. To seethis fact more
clearly we begin with the charge current in the bulk.

£S5 1

A Y
We can nd the current on the edge by averaging the bulk current in the
direction perpendicular to the edge(v). After performing the averagewe send
the width of the edge(, ) to zero. This hasthe result that only the terms that
were derivativesin the direction perpendicular to the edgesurvive, the density
becomesfor instance,

*@a (6.20)

oo 1 O o
17 = ,l!m02_1/4 vV @Qayi @Qay
- im 2@ — 6.21
= >||!m02_1/4 @ayi ag(v+ )i au(v) (6.21)
1 1

—a, = —-@A;
21, 1 2%@’
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wherewe droppedthe gauge eld just outside the sample,becausewne canchoose
it it to vanish there.

From equation (6.21) we thus nd a very nice interpretation asfor the eld
Y{x). It is (up to a constart) the electron density on the edge. Becausethe
bulk behavesasan incompressible°uid the only excitations possibleare density
waves. The equation of motion for %(6.11) describespreciselythat. It is awave
equation for wavesthat propagatewith velocity v. We can now say more about
the constart v entering in the Lagrangian. If we study a quantum Hall °uid we
needin addition to the perpendicular magnetic eld a potential that keepsthe
°uid con ned. Semi-classicallythis con ning potential and the magnetic eld
will induce a current °owing along the edge,

j=ev=BA"E; (6.22)

hence also the density waves will travel with this velocity. For consistency
reasonswe thus have to choosev = %. The operators ¢k thus create propagating
density waves.

We can alsomake charge minus one stateswhich are chargedwith respect to
the current (6.19). Such thus hasto satisfy the following commutation relation.

~ c ~
dxj % Aly) =i Ay) (6.23)
When we recognizethe charge density as %1/4 up to a constart equal to the
conjugate to the "eld A, we can immediately solve this equation yielding,
A(y) = € mAW); (6.24)

We nd this new state's equation of motion by calculating the commutator with

the Hamiltonian,
Z

. £ o _ . £1 . @
@A=1HA =jimv dx@QA(x) Z—I/@A(x);A(y)
Z 4
=imv  dx@AX)Hx i Y)A(Y) (6.25)

imv @A(x)eMA ) = v@A(x);

which statesthat alsothe "eld A is chiral. By calculating the exchange of two
such states we can determine their statistics,
£ o]
imA (x) AMA (y) — AMA (y) JimA (x) ai M2 A(X);A(Y)
€ e e' ’ e. , € | (6.26)
— e|mA(y)e|mA(x)ei iYam2 (X y):

For m odd we have a fermionic operator, which we can identify with the elec-
tron operator. Now it is also clear why we chooseboundary conditions (6.8).
It assuresus that the electron states on the edgeare single-valued. The fun-
damerntal charged operator is the operator for m = 1, it has charge % and is
anyonic with statistics % These properties are exactly aswe would expect for
our quasiparticles.
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6.2.1 Propagators

Having found the electron operator we can calculate the propagator for the
electron on the edge. We calculate the propagator of the normal ordered states,
which we denote with colons(::). This can best be donein terms of the prop-
agator of the “eld A. We assumexg > Yy, S0 we can drop the time ordering
operator.

Ge(X;y) = h0j T AY(x)A(y)j0i = h0j : e MAK) :: ™A :j0j
hojei imA + (x) gi imAiCEx)eimA+ ) gmA; (y)j 0i (6.27)
= hoje m2 A (x);A« (y) §0i = @ M?NOIAGA(); Oi

In the secondline we separatedthe "eld A in a part with all annihilation opera-
tors A, and onewith all creation operators A, , we de ne po to be a annihilation
and ¢y a creation operator. In going to the last line we usedthe fact that the
commutator is a c-number.

We now thus needthe propagator for the “eld A

L £, i o
Ga(x;y) = hOJA(X)A(Y)j 0i = hOj A; (x); A« (y) jOi

1 X X 1 . ik . £ o]
= = = (x1+Vvxo0)i il (Y1+VY0) h(i ca i 0i
- kIe hOj ay;a jOi (6.28)
k>01<0
1 £ B
* - (X1i Y1+ VvXoi vyo)hOj po;co jOi:
Now we can use equations (6.18) and nd,
17X 1 ¢ ‘
Ga(x;y) = = f'ei i(X1+VX0)*+ i(y1+ vyo) K i i(y1+ vyo)
m k>0k
-1 In(1j e (1 vxo)*i(ya+vyo)y |n(ei(y1+vy0))¢ (6.29)
m
- %m(ei(xlwx()) - el vyo)y
In the limit where x1 and xg are small we then nd,
1 iYa
GA(X;0) = —In(xq + + — 6.30
A(X; 0) - (X1 + Xo) om (6.30)

Finally we can substitute the expressionfor the boson propagator in equa-
tion (6.27)to nd the expressionfor the electron propagator,

Ge(X;y) » (6.31)

(X1 + X0)M’
One thing that immediately draws the attention, is the exponert in the prop-
agator. If where dealing with a Fermi liquid the exponent would be 1, in our
situation it is an odd integer, m. This new electron state was named 'chiral
Luttinger liquid'. The anomalousexponert will have someimplications on for
exampletunneling behavior.
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6.3 An edge for general K

It is possibleto generalizethe derivation of the action for the edge states to
generalK in the spirit of section5.3. In generalwe start with the matrix version
of the Chern-SimonsLagrangian (5.11). Just aswith a single eld we have to
add a term to this Lagrangian to make the Hamiltonian non-zero. In this case
this results in the following Lagrangian,

1£ o .. @
L = 4_1/4KIJ@AI @A i VII@QA @A ; (6.32)

and from this the following Hamiltonian,

1 . .
H= 47/4V|J@A| QA (6.33)

If we want our Hamiltonian to be boundedfrom below V,; hasto be a positive
de nite matrix, in other words it hasonly positive eigenvalues.

We can now simultaneously diagonalize K and V by choosing a new basis
for A. With this transformation the signature of the matrix K stays the same.
The Lagrangian now hasthe form of a number of independert "elds,

1£ o . . B
L= 4, #GAQA | @A QA : (6.34)
Depending on the signs of the eigervalue (34) in the K matrix, the “elds are
right or left movers.

We again (section 5.5) have sometrouble identifying the electron operator.
In principle we have multiple combinations that have the correct charge and
statistics. The generalform is,

A=élh; (6.35)

Where we have to keepin mind, that |, is also transformed by the transfor-
mations. Also the propagator (6.27) needssomemodi cations. In the caseof
multiple gauge elds it generalizesto,

RY()AQ)i /1 (xi wit+i3%2)i T (6.36)

We will now determine this propagator explicitly for statesfrom the the rst
hierarchy. This are states with Tling fraction pz%l fractions included in this
seriesare for example %; %; % In the hierarchical picture this are the so called
daughter states of the Laughlin fractions ﬁ The matrices that characterize
the e®ective actions for these states are accordingto (5.27) p£ p matrices and
given by + 2sC. For the hierarchal scheme the charge vector was given by

t, = 1. While all eigervalueshave the samesign (6.36) takesthe simpler form,

MY (x)AQ)i / (x i vt)i "Kis'h: (6.37)
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All operatorsthat have charge 1 and obey Fermi statistics can be interpreted as
the electron operator. With the help of eqHations(5.18) (5.20) we seethat this
is the casefor an operator which satises | I} = p2s+ 1. The operator with
the smallestexponert will dominate tunneling, this operator has vortex-vector

which is the same value we found for the 'mother states' of these fractions
(see(6.31)).

6.4 Tunneling

The experiments where the formalism can be put bestto test are tunneling ex-
periments. In these experiments one let electronstunnel from a normal Fermi
liquid (or other fractional quantum Hall state) to a fractional quantum Hall
state. Becausethe bulk is incompressible,thus fully gapped, the only excita-
tions that are accessiblelive at the edge. This givesus a perfect possibility to
study the edgestate we predicted in the previous sections. Besidesthe mate-
rial we tunnel from and to, we can also di®erettiate in the material we tunnel
through. If we tunnel through vacuum, the only particles that tunnel are elec-
trons. We can alsoimagine quasiparticlestunneling from one edge,through the
bulk and to an other edgeof a quantum Hall sample.

In our formalism so far we have only included a fractional quantum Hall
state, we now have to include a sourceof electrons and the coupling between
the two. The Hamiltonian we will work with consistsof three main parts,

H=Hai *aNa+ Hpij B Ng+ Hr; (6.38)

T v~y €
Hr = t AaAY + ALAY o (6.39)
where H; is the unperturbed Hamiltonian, N; the particle number and 1 the
chemical potential for the states on edgei. The A's are electron annihilation
and creation operators on edgeA and B respectively. As is clear from its form

H+t is the interaction betweenthe two edgesthat make tunneling possible, it
createsan electron on one edgeand annihilates one on the other.

In generalthe electron states on both edgeswill have di®ereri momerta,
tunneling between the two is then only possible with the help of an process
that can absorbthe momertum. We will model this asan impurity at a certain
position, say x = 0. That is why Hy is evaluated at x = 0.

We want to calculate the tunneling current as a function of the applied
potential. For this we need the expectation value of the change in particle
number on one edge,say edgeA,

I(t) = i giNa(b)i: (6.40)

In the interaction picture we can write this as,
R

R E
()= Té n IHON, ()Te 'l & qHTE) (6.41)
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where T is the time-ordering symbol. In this equation we mean by time de-
pendenceof an operator, O = O(t), the time dependencegenerated by the
unperturb ed Hamiltonian. We will treat Hy as a small perturbation and ex-
pand up to rst orderin Hy,

D Z, Z

i ¢ i ¢k

1+ dtHT (1Y Na(t) 1 i dtH T (19

z, "pg E i (6.42)
i dt® Na();HT(tY

il

I (t)

Becausein the ground state particle number is consened, we dropped the term
hN\Li in going to the secondline. We now have to evaluate the commutator in
(6.42).

While we are working in the interaction picture, the operators are time
dependert and cortain factors € ot. The calculation boils down to determining
commutators with operators that transfer an electron, like cyAcB. We separate
the chemical potentials from the rest of time dependert terms to make the
dependenceon the applied voltage more apparert,

i ¢ i ¢
gl i *ANaA+*5Np AXABei *ANa+15Npg
i ¢ (6.43)
=gl *ai's AXAB = g quAXAB;

where we identi ed the di®erencein chemical potential asthe applied voltage.
The commutator we where looking for can now be simpli ed,

£ o f£ ol o
Na(®);HT(t) =i Hr(t);Na(®) ;Hr(t9 A §
=i @MoO R Rg | AYARa & Ho®;dHo RY A + AL A, e Ho(t)

£ . — - : o o e ) _ a
=i e VA Ag(t) | IVIALAa(t);el VA Ag (19 + AVIRY Ap (1Y

(6.44)
If we now dene O = AYA; and usethe result above in (6.42), we get
Z, , D. £ D £
. ) £ . _ £ ¢
)= dtYti t9'e VGO Tom;ovey § eVED oV o)
il
(6.45)

We recognizethe retarded Green's function of operator O and its hermitian
conjugate, the advanced Green's function. These functions dependonly t i t°
hencethe total integrand dependsdoesand we cansett to zero. In this language
the integral over t0is a Fourier transform,

Z, P 0 o ¢
iq dt? @ VG, (19 | €IVIGY (19

i i1 ¢ i ¢ (6.46)
i Gret(i GV) i Glet(i QV) =i 29Im Gre(j GV) :

I (t)

This retarded Green's function can be evaluated can be evaluated quite easy
in terms of the propagators of the fermion operators. Becausethe fermions on
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di®erent edgesdo not interact, the correlation function factors into a product
of Green'sfunction for side A and side B,
Z

Gret(i GV) =  de€ VeGa(i ¢)Gr(¢): (6.47)

We now have a equation where we can nally useour Green's functions (6.31)
found for the Laughlin seriesin our theory. We only wanted to know the power
of the applied voltage, V. For this it is enoughto know that Gg (t) » jtji ™ and
Ga(t) » jtji 1 for a Fermi liquid. We can now use Cauchy's formula to yield,

z

| »  deel Vejgjimily vm: (6.48)

We thus seenon-linear behavior of the tunneling current. For a Fermi liquid
this would be linear. This anomalous behavior is con rmed by experiments
[22].



Chapter 7

Consistency on non-trivial
top ology

The sthemesofar by Fradkin and Lopezas preseried in chapter 4 is consisten
for trivial surfacessuch asthe plane, there are someproblems however with the
°ux attachment procedure on more complex surfaces. In chapter 6 we looked
at surfaceswith an edgeand dewelop a formalism to deal with problems (and
blessings)arising when we study suc surfaces. In this section we will study
surfacescontaining handles as a torus for example. Although it is hard to
imagine an experimentalist making a Hall °uid on torus, this in cortrast to the
easeto make a °uid on a surfacewith an edge,this casewill be important none
the less. It provides a clue to what is missingin the description so far and will
in the end producea picture of the edgethat is much simpler than the K-matrix
classi cation provides.

7.1 Large gauge transformations

On a surface with handles we have, in addition to the usual gauge transfor-
mation that are deformableto the identity, transformations that wind around
the handles. This will give new constraints on the form of the Chern-Simons
coupling constart. A torus can be constructed out of a rectangle by identify-

ing both top and bottom and the right and and left sidef(x;y) 2 2j x =

X+ Ly; y = y+ Lyg. The elds living on this torus must satisfy certain
(boundary) conditions. If we follow the "elds once around a handle we arrive
at the samepoint on the torus again and, for the sake of single-valuednessthe
“elds must return to their original value. Not quite, we can only distinguish
two con gurations up to a gaugetransformation, sothe elds have to return to
their old valuesup to a gaugetransformation. In addition to a periodic part,

which correspond to trivial boundary conditions, we can have a linear part in

57
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our gaugetransformation,

Uin (x) = €M ny 2 (7.1)
Lk
For the gaugetransformation to be single-valued on the torus we haveto restrict
the ny to be integer-valued. In other words if move once around the handle,
we may make a full circle in the gaugegroup. In the Coulomb gaugewe can
try to solve g in terms of the current, J, just asin chapter 3. We again get an
equation for the Laplacian of a;, which we then invert yielding
, z
act)= 4009 2o vl @vy:t): (7.2)
i \R, L, [ m y iy @ y;1): :
There are a few di®erenceswith the expressionwe found on the plane. The
Green's function on the torus is di®erert from the one on the plane, G11 =
Ggr2 + % Secondlywe explicitly wrote down the (time dependert and con-
veniertly normalized) constarts “;. In section 3.2 we ignored these constarts
becauseboundary conditions wouldn't allow them, but on a torus we can't dis-
missthem. They are notgivenby the matter “elds, but follow from the winding
of the gauge eld " = dx a;. As a matter of fact, these constarts become
operatorsin the quantum theory and are the causeof the new constraint on the
coupling constart We would now want to quartize Chern-SimonsLagrangian
(4.6) on a torus. We follow the line of thought of chapter 3 and do a singular
gaugetransformation to yield anyonic elds. We have usedthe periodic part of
our gaugefreedomto do this. The main di®erencewith beforeis that we do not
eliminate the “'s. A residual gaugefreedomis left, this are preciselythe trans-
formations (7.2), the large gaugetransformations. We now have a Lagrangian
with dynamical variables A; A® and " ;,
1 3
f # ok L 5% e
L = d-x IAyDoA'| %Di DiA +u 217 12 (7.3)
Concertrating our attention onthe = dependert part, we seethat "1 and ", are
ead others canonical conjugate.

W)= == el (7.4)

This meansthat when we quantize the theory we have to impose canonical
commutation relations betweenthem,

£ ,\a £ a
'1;14) = U 2 = (7.5)

With theseresults we can construct the operators that generatethe large gauge
transformations in the quantum theory,

U = e = g2l (7.6)

These operators commute with the Hamiltonian, but in generalnot with eat
other. This meansthat if we perform a large gaugetransformation on a state we
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generally get a di®erert state. In other words the theory is not invariant under
large gaugetransformations. That is something we do not want. Fortunately
we wrote 'in general'. To be precisethe commutator of the operators is

£ = T Y ¢
UisU, = e %8 17U,U; (7.7)

From this equation we learn that if we choosep such that,
22 (7.8)

they do commute and our theory is consistert again.

7.2 New Fradkin and Lop ez

In the previous section we showed that the °ux attachmert operation is not
consistert on closedsurfacesunlesswe choosethe coupling constart u= %,
where s is an integer. This con’icts however with our reasoningin section4.1,
here we nd that for the transformation to produce fermions out of fermions
we have to choose = ﬁ. There is a trick to resolwe this con®ict. This
involvesthe introduction of an additional gauge eld. We start with the action
we usedin section 3.1 with p chosenas is appropriate accordingto section 4.
For clarity we write down the coupling to matter matter elds as an external

particle current j:,
Z Yo 4

S= ¥ 41/125210 ca@a +joa (7.9)

We now introduce an extra gauge eld b. and use relation (A.9) from ap-
pendix A. We thus insert a peculiar form of in the partition function. We
then arrive at,
Z % 1 ¢3/4

s=  d% E; ‘b @b + a 27/42 @b i | (7.10)
This operation hasreduceda: to a Lagrange multiplier "eld that enforcesthe
relation (3.3b) betweenh. and j.. In other words it will make sure that °ux
is attached to the particles. The free action of eld b now has a Chern-Simons
form with a coupling constart that satis es relation (7.8), henceit is consisten
on a torus or any other surfacewith handles. We now redo the derivation of
the low energy e®ectie action made in chapter 4 for our new action (7.10). In
its full glory,

4 Yo

2s 1
- 3 £S5 ,510 4 j0
5= 0% g bGhroah 7
A
+iADoA T - 'DAYDA + V(AR @ (7.11)

2m
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it again hasa complex dependenceon A. Note that the only the gaugeeld a:
erters in the covariant derivatives. By doing sometransformations, analogous
to thosedonein section4.2, we can rewrite it sud that we can integrate out A
without any problems. We yield an e®ectie action that is a seriesin the eld
a:., not b becauseit was not directly coupledto the matter elds. Just asin
chapter 4 we will keepterms up to secondorder in a. The secondapproximation
we make is to take low energylimit. We will keeponly terms with onederivative
or less. What remains of the seriesin a: is a Chern-Simonsterm containing a.

The total low enerqy e®ectiwe action now reads Y
2 4

s= ., dx 252" -b@b +22"-a@b +p2°a@a :  (7.12)
4

If we renamea to a and bto a?, we can summarizethis action in a K-matrix
fashion, with K-matrix and charge vector.

- p 1
K= %S (7.13)
t = g (7.14)
= _

Note that the external gauge eld coupledonly to a:, which explains the form
of the charge vector. With the equationswe derived in section 5.3 we can now

calculate that the Tling fraction of this state is © = ZSpL+1 asis should be.

7.3 Consequences of extra gauge eld

The newly found form of the °ux attachmernt transformation of coursechanges
the argumerts made in chapter 4. We nd the most dramatic changesif put
the new action on a disk and examine the edge. We will follow the line of
thought usedin section 6.1 to derive a eld theory on the edgeof the disk and
examine the consequence®f the extra gauge eld we found in the previous
section. Before we continue we will extend the action (7.12) to include the
dynamics of quasiparticles. As described in section 3.3 quasiparticles exist in
the uniform badkground of a Chern-Simonstheory. The only gauge eld in our
e®ectiwe action that has a uniform badkground is a, hencethe only gauge eld
that will coupleto quasiparticlesis a. In the languageusedin section 5.3 the
guasi particle statistics is de ned relative to bosons. We are currently working
in a fermionic framework, where bare quasiparticles are composite fermions.
Their statistics gets changedby the Chern-Simonsgauge elds relative to their
bare value of % To make this apparert in our equations we introduce a third
Chern-Simonsgauge eld a3 that couplesonly to the quasiparticles. It will only
shift their statistics by %and will have no e®ecton their charge or the value of
the Tling fraction. The new K-matrix, chargeand °ux vector are now.
b 10 1 0o 1 0
KW=@1 2s 0A t'=@0A '=@ 1 A (7.15)
0 0 1 0 il
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In chapter 6 we already saw that we can derive an edgetheory from the La-
grangian for the bulk. One of the problems encourtered was the fact that the
Hamiltonian following from the Chern-SimonsLagrangian vanishes. Wen and
Zee argue they can choosea gaugethat makesthe Hamiltonian nite again.
For multiple gauge elds this yields seweral propagating modes. In this section
we will follow someargumerts by Fradkin and Lopez. They argue that only
“elds that coupleto the electromagnetic eld propagate, henceonly a term,

H = V@QA@A; (7.16)

needsto be added. For the presert casethis meansthat only A; propagates.
Let us now study a generic charged operators,

A = a1t l2Az) 12A3). (7.17)

We already usedthe fact I3 = j I, to be consistert with our discussionabove.
If we substitute this ansatzin equation (5.20) we seethat an operator satisfying
I, = pli is neutral. This stimulates us to make a basis transformation to the
“elds,

Ac = A
" 1. p_:
Av = 1E>—5A1+ PA (7.18)
Avo= Ag
In this basisthe Lagrangian takesthe following form,

i ; ; ¢ i ; ; . ¢
=i e @AGA T @AGA + @Ay @A + @Av@Avo: (7.19)

It is immediately apparert that only the charged mode A. propagates. If we
now also write the operator under study in this form,

A = dllcActinAy+Ivoing. (7.20)
the quantum numberstake a very simple form,
=j°l (7.21a)
=02+ 12 + 12 (7.21b)
It is clearthat the neutral elds only changethe statistics of the particles. If we
want to createonefundamenal quasiparticle, we needto choosel; = 0;l, = | 1

or what is equivalert |¢ = %;IN = pl—p;INoz 1. This states has, as we can
chedk with formulas (7.21a), charge and statistics,

_ e
Q= 5ibv (7.22a)
H_ 2 (7.22b)

—_ = +
Yo 2sp+1
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We can nd one operator with the characteristics of the electron. This is the
state which consistof 2sp+ 1 quasiparticles.

We can now, just asin section6.2.1calculate the electron propagator. From
Lagrangian (7.19) we nd we have three independert eld which have the same
form asthe one studied in section6.2.1. For the neutral modeswe have v = 0.
This givesfor the electron propagator,

1

Ge(x; 0) » W (7.23)

We now can usethe propagator we found to nd the behavior of the tun-
neling current. Becausethe theory by Fradkin and Lopez usesonly three gauge
“elds for all statesfrom Jain's series,it also predicts a simple behavior for the
exponert in the tunneling current,

|/ veil (7.24)



Chapter 8

Conclusions

As has becomeclear in this thesis, a number of authors have argued that the
Lagrangian of the low-energye®ectie theory for fractional quantum Hall states
takesthe form of a seriesof Chern-Simonsterms. Their respective theories still
di®eron crucial points. The two theoriesthat werestudied in this thesisare the
K-matrix classi cation by Wen and ZeeversusFermionic Chern-Simonstheory
by Fradkin and Lopez.

We will try to compare both theories and try to make a judgment. We
will look at following criteria; Physical derivation, consistencyon higher gerus,
predictive power, simplicity and consistencyin general.

Although the derivation of low-energy e®ective theory for generalfractions
is not a straight forward derivation form the microscopicaction, the K-matrix
classi cation is rather successfuln producing an uni ed picture of the fractional
guantum Hall states. For all statesfound in the laboratories it hasa quantum
Hall state. A few issuesremain unclear though. The classi cation predicts for
a given K-matrix a certain number of physical quasiparticles. This number is a
complicatedfunction of the 'lling fraction and equalto the rank of the K-matrix
corresponding to the state living at that fraction. It is not clearwhy this number
varies so much betweendi®eren states, while the number of consenation laws
that could maintain their stability is the samefor all fractions. This number is
one, charge consenation. A similar problem arisesat the edgewhere for every
particle speciesin the bulk we have a branch of excitation. Another weak point
of the K-matrix classi cation is that it permits di®eren quantum hall states
at one Tling fraction and doesnot give a prescription to selectthe best one.
In other words, the bare K-matrix classi cation lacks the predictive power to
tell us which state can be found in a quantum Hall sample. Also when one has
determined the state one is interested in one still hasto choosethe electron
operator. For a generalstate there is no unique electron operator.

The derivation of the low energy e®ective action by Fradkin and Lopez
is appealing and gives a nice eld theoretic picture of the "“ux-attac hment'
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idea. In a straightforward line of reasoningthey derive from the interacting
electron systemtheir low energye®ective action in terms of Chern-Simons elds.
The formalism also has a promise of further re nement by calculating higher
order corrections, although it is not clear at all this will yield good results. As
becameclearin chapter 7, the formalism neededsomesmall modi cations to be
consistert on non-trivial surfaces. With these modi cations it forms a theory
for the generalizedJain's series. Henceit doesnot tell us anything about other
fractions than are corntained in this series.

We can draw the following conclusions: Both theories provide a framework
for calculating and predicting properties of quantum Hall states. While the
K-matrix classi cations is more general(it allows more fractions), it hasat the
sametime lesspredictive power. The formalism can produce states at a lot of
fractions (sometimesmore then one), but doesnot state much about stability of
thesestates. The theory by Fradkin and Lopezprovides a simple picture for the
more pronouncedfractions, the generalizedJain's series. It hasno ambiguities,
in the sensethat we have multiple electron operators or multiple states at one
fraction.

As stated in chapter 6 tunneling experiments can be usedto chedk some
predictions of the theories. In particular the exponert ® in the relation between
the tunneling current and voltage,

1/ V® (8.1)

hasbeenexperimentally determined [22]. In section 7.3 we derived the relation
betweenthe tunneling current and voltage aspredicted by the theory of Fradkin
and Lopez. For all fractions in Jain's serieswe have found ®= 2.

Becausethe K-matrix classi cation predicts multiple branchesof edgeexci-
tations, it will not predict such simple relation betweenl and V. For fractions
zon1» Which are in the hierarchal scheme daughter states of the Laughlin se-

quence iy it predicts an exponert ®= 11, which is not equalto 7.

In reference[22] ® is determined to be % for these fractions. This agrees
with the result by Fradkin and Lopez, but disagreewith that of the K-matrix
classi cation. In reaction to these results Wen and Lee have published an
article [20] where they argue now also the K-matrix classi cation agreeswith
this result. Their argumernt depends on discriminating between charged and
neutral modes. The neutral modeswill not cortribute to the tunneling current
for high enough energy scales. Although this argumert can x the problem
with this experiment, it still should be possibleto seea deviation from 2.

What is maybe more surprising that the authors of [22] nd ® = 2 for all
Tling fractions between%1 < 1, hencealsoat Tling fractions we do not expect
a quantum Hall state at all. The theories we studied in this thesis are not
valid for these Tling fractions, so we cannot say a lot about this, but in our
derivation the existenceof a quantum Hall state was crucial to the existenceof
the edgestates. We obviously needa theory of the edgethat can explain the
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simple dependenceof ® on the Iling fraction, for all Ting fraction.

Maybe the core conclusionis a little disappointing. The ultimate theory of
the quantum Hall e®ectwasknown all along. It consistsof a Hamiltonian for a
great number of interacting electronsliving in semi-conductor (with impurities
of course)in a high magnetic eld. This systemis very though. The theories
in this thesis only try to make the best of it. They all try to make a mapping
of this highly interacting systemto a systemof particles that arein somesense
‘free’, hencesomething we can handle. If we nd sud a mapping, it will only
be valid in a certain domain and limited in accuracy Of coursethis is alsothe
power of the e®ective action approac and physicsin general. To nd a seriesof
approximations that reducesa complicated questionto onethat can be solved
and givesgood answersin the domain of interest.
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CHAPTER 8. CONCLUSIONS



App endix A

Integrating out Chern-Simons
“elds

We will derive a much usedidentity usedwhen 'integrating out Chern-Simons
“elds'. We mean we have a partition function, which is a path integral over
multiple “elds. We then perform one of the integrations and yield an action
depending on the rest of the "elds. We do this becausethe eld we 'integrate
out' is not important to the e®ectunder study.

Z Z
Z = DaDbéSB =C pDpes® (A.1)
We have a U(1) gauge eld with Chern-Simonsterm coupledto a current,
£ 10, L e
S= dxé az @a+j a : (A.2)

We can ched that the operator 2@° ~ 2.° @ is symmetric,
Z
d*xa 2* @a
Z
=i d*x@az”’ a (A.3)
Z
= d*xa?"" @a:

And we can nd an inverse,
i ¢
2@ 2@ a = 21/2%@42,10 @a = 74P % @@a
_ . Yo_ . Y
= @dayi @@a”= i Fa”

In going to last line we chosea gauge,where @ = 0. Now the inversecan be
written as.

(A.4)

2@° .

2y = =
((@") @ (A.5)
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In (A.2) we now shift the eld a.
al aj (C@Na (A.6)

When we assumethe integral over a is invariant under such transformations we
nd,

Z
© ] . : O.a
S=% d*x az2@ aij (@Y j
17 . © o 2@ @
= - X a2@ a+j] —jo (A.7)
1Z 2@
I - 3, : ~= i,
LS d°xj @J

In the secondline the term containing a has a Gaussianform, hencewe can
'integrated out' the gauge eld a.

If we take the following form the current,
j,=2" @b =2@ b; (A.8)

we get the following useful identit y,
z z

1© 0 2
*x> az’ @a+az’ @b ! |

5 d*xb 2" @b (A.9)

NI



Bibliograph vy

[1] A.Lopezand E.Fradkin. Fractional quantum hall e®ectsand chern-simons
gaugetheories. Physical Review B, 44(10):5246,1991.

[2] A.Lopez and E.Fradkin. Universal properties of the wave functions of
fractional quantum hall systems. Physical Review Letters, 69(14):2126,
1992.

[3] A.Lopez and E.Fradkin. Response functions and spectrum of collective
excitations of fractional-quantum-hall-e®ect systems. Physical Review B,
47(12):7080,1993.

[4] A.Lopez and E.Fradkin. Composite Fermions, chapter Fermionic Chern-
Simons eld theory for the fractional quantum Hall e®ect.World Scierti c,
1998.

[5] A.Lopezand E.Fradkin. Universalstructure of the edgestates of the frac-
tional quantum hall states. Physical Review B, 59(23):15323,1999.

[6] A.M.P olyakov. Fermi-bosetransmutations induced by gauge elds. Modern
Physics Letters A, 3(3):325, 1988.

[7] A.Zee. Field Theory, Topology and Condensel Matter Physics chapter
Quantum Hall Fluids. Springer, 1995.

[8] Boris Skori§. F-invariance and its appliction to the quantum Hall e®et.
PhD thesis, University of Amsterdam, 1999. This thesis is basedon four
articles which appearedin PRB and NPB.

[9] Kyung-Hyun Cho and Chaibo Rim. Abelian chern-simons eld theory and
the anyon equation on a torus. Physical Review D, 50(4):2870,1994.

[10] C.R.Hagen and E.C.G.Sudarshan. Commert on "gauge invariance in
chern-simonstheory on a torus". Physical Review Letters, 64(14):1690,
1990.

[11] E.Fradkin, C.Nayak, A Tsvelik, and F.Wilczek. A chern-simons e®ec-
tive eld theory for the pfatan quantum hall state. Nuclear Physics B,
516(3):704,1998.

[12] Zyun F. Ezawa. Quantum Hall e®ets. World Scierti ¢, 2000.

69



70 BIBLIOGRAPHY

[13] Jérg FrAhlich, Thomas Kerler, Urban Studer, and Emmanuel Thiran.
Structuring the set of incompressiblequantum hall °uids. Nuclear Physics
B, 453(3):670,1995.

[14] G.Murthy and R.Shankar. Towards a eld theory of fractional quantum
hall states. Physical Review Letters, 79(22):4437,1997.

[15] G.Murthy and R.Shankar. Composite Fermions, chapter Field theory of
the fractional quantum Hall e®ect. World Scierti ¢, 1998.

[16] Choon-Lin Ho and Yutaka Hosotani. Operator algebra in chern-simons
theory on a torus. Physical Review Letters, 70(10):1360,1993.

[17] Yutaka Hosotani. Gauge invariance in chern-simons theory on a torus.
Physical Review Letters, 62(24):2585,1989.

[18] Yutaka Hosotani. Hosotani replies. Physical Review Letters, 64(14):1691,
1990.

[19] J.K.Jain. Composite-fermion approach for the fractional quantum hall
e®ect. Physical Review Letters, 63(2):199,1989.

[20] D-H. Leeand X-G. Wen. Edgetunneling in fractional quantum hall regime.
arXiv:cond-mat/9809160, 1998.

[21] Gerald D. Mahan. Many-Particle Physics chapter 9.3. Plenum Press,
1981.

[22] M.Grayson, D.C.Tsui, L.N.Pfei®er, K.W.W est, and A.M.Chang. Contin-
uum of chiral luttinger liquids at the fractional quantum hall edge.Physical
Review Letters, 80(5):1062,1998.

[23] R.E.Prange and S.M.Girvin, editors. The quantum Hall e®et. Springer-
Verlag, 2 edition, 1990.

[24] R.Floreanini and R.Jackiw. Self-dual elds as charge-densiy solitons.
Physical Review Letters, 59(17):1873,1978.

[25] R.Jackiw and S-Y Pi. Classicaland quantal non-relativistic chern-simons
theory. Physical Review D, 42(10):3500,1990.

[26] R.Shankar. Hamiltonian description of composite fermions: Aftermath.
Physical Review Letters, 83(12):2382,1999.

[27] X-G.Wen. Vacuum degeneracyof chiral spin statesin compacti ed space.
Physical Review B, 40(10):7387,1989.

[28] X-G.Wen. Chiral luttinger liquid and the edgeexcitations in the fractional
guantum hall states. Physical ReviewB, 41(18):12838,1990.

[29] X-G.Wen. Edge transport properties of the fractional quantum hall states
and weak-impurity scattering of a one-dimensionalcharge-densiy wave.
Physical ReviewB, 44(11):5708,1991.



BIBLIOGRAPHY 71

[30] X-G.Wen. Field Theory, Topology and Condenseé Matter Physics chapter
Topological orders and edgeexcitations in fractional quantum Hall states.
Springer, 1995.

[31] X-G.Wen. Topological orders and edgeexcitations in fgh states. Advanaes
in Physics 44:405,1995. Updates versionin arXiv.

[32] X-G.Wen and A.Zee. Topological structures, universality classes,and
statistics screeningin the anyon superlfuid. Physical Review B, 44(1):274,
1991.

[33] X-G.Wen and A.Zee. Classi cation of abelian quantum hall states and
matrix formulation of topological °uids. Physical Review B, 46(4):2290,
1992.

[34] X-G.Wen and Q.Niu. Ground-state degeneracyof the fractional quantum
hall statesin the presenceof arandom potential and on high-gerusriemann
surfaces. Physical ReviewB, 41(13):9377,1990.

[35] Z.F.Ezawa, M.Hotta, and A.lwazaki. Non-relativistic chern-simonsvortex
solitons in external magnetic "eld. Physical Review D, 44(2):452,1991.



